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Abstract. We prove a generalization to the totally real field case of the 
Waldspurger's formula relating the Fourier coefficient of a half integral 
weight form and the central value of the L-function of an integral weight 
form. Our proof is based on a new interpretation of Waldspurger's 
formula in terms of equality between global distributions. As applica- 
tions we generalize the Kohnen-Zagier formula for holomorphic forms 
and prove the equivalence of the Ramanujan conjecture for half integral 
weight forms and a case of the Lindelof hypothesis for integral weight 
forms. We also study the Kohnen space in the adelic setting. 



1. Introduction 

In this paper, we generalize Waldspurger's formula to the totally real field 
case, and study some of its applications. We use here the term Waldspurger's 
formula to mean an identity relating the Fourier coefficients of a half integral 
weight form and the central twisted L— values of an integral weight form. A 
key point in this paper is a new interpretation of Waldspurger's formula. We 
study the formula in the adelic setting. This setting allows us to interpret 
Waldspurger's formula as an equality between two global (adelic) distribu- 
tions. Roughly, we define two global distributions I and J, and obtain the 
following factorization into products as distributions over local fields: 



I = ClJJl„, J = C 2 JJj(, 



Here ci,C2 are two global contants which can be interpreted respectively 
as the central L-value of an integral weight form and as the square of the 
Fourier coefficient of a half integral weight form. For the more precise for- 
mulas, see Propostions 6.2 and 6.4. Waldspurger's formula is then just the 
identity c\ = c 2 , (or more precisely, a family of such identities) . Interpretted 
this way, Waldspurger's formula follows immediately from the comparison 
between the global distributions I and J and the comparison between the 
local distributions I v and J v . The formula fits into a more general family of 
formulas that should result from the comparison of the global distributions. 
Works on the theory of relative trace formula have proved or conjectured 
many such comparisons of global distributions, see [Gu], [J2], [M], [M-R] 
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etc. The resulting identities from such comparisons in all these cases should 
also have arithmetic interest as in the case of Waldspurger's formula. 

We look at some applications of the generalization of Waldspurgers for- 
mula, among them the equivalence of the Ramanujuan conjecture for half- 
integral weight forms and a special case of the Lindelof hypothesis, (this 
result is useful in the work of Cogdell-Piatetski-Shapiro-Sarnak on ternary 
forms [C-PS-S]). Our result is stated in the general setting of automorphic 
forms. As many of its applications are in terms of holomorphic modular 
forms over Q, we also translate our result into this language. In the process 
of the translation, we generalize the well known Kohnen-Zagier formula, 
with the restrictions on the quadratic twist dropped (Theorem 10.1). 

With our interpretation of the Waldspurger's formula, it is clear how the 
proof of the identity will proceed. The equality of the global distributions / 
and J follows from the global theory of relative trace formula ([Jl]), while 
the equalities of the local distributions follow from the corresponding local 
theory, [B-M1],[B-M2]. The subtle part is to show that we can fit the iden- 
tities ci = C2 into a family of identities. There we need to use the beautiful 
results of Waldspurger on theta correspondence. 

Below we describe the content of the paper in more detail. 

1.1. An explicit version of Waldspurger's formula. The Shimura cor- 
respondence associates a cusp form f(z) with integral weight 2k to a half 
integral weight cusp form g(z) with weight k + 1/2. Waldspurger is the 
first to described a relation between the twisted central L— values L(f, D, k) 
and the Fourier coefficients of g(z), [W2]. There are many later versions of 
Waldspurger's formula. See for example the papers of Shimura [Shl],[Sh2], 
Niwa [N], Katok-Sarnak [Ka-S], Kohnen-Zagier [KZ],[K1], Gross [Gr]. The 
result of Kohnen and Zagier is probably the easiest to describe, it states: 
[Kl]. 

Let f(z) be a new form of weight 2k, square free and odd 
level N, of trivial character. There is a unique (up to a scalar 
multiple) weight k + 1/2 form g(z) = J2^Li c ( n ) e2mnz cor " 
responding to / and lying in the Kohnen Space ([K2]), such 
that when D is a fundamental discriminant with (— l) k D > 
and (y) = wi for all prime divisors I of N, 

a i) M! = (fe-^' ij.fc-i^yw ^/.Afc) 

{ ' } <9,9> vr fc 1 1 </,/> 

In the above statement, we have adopted the notations in [Kl], and v{N) 

is the number of prime divisors of A, w\ is the eigenvalue of the Atkin-Lehner 

involution acting on f(z). 

For the many applications of an equation of type (1.1), see for examples 

[Iwl],[KZ],[0-Sk],[Lu-Ra]. 

1.2. Waldspurger's formula: adelic version. In this paper, we will work 
with the more general notaion of automorphic representations over a totally 
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real number field F. The relationship between the modular forms and the 
automorphic representations is as follows. A half- integral weight modular 
form is a vector in the space of an automorphic representation tt on SL2, the 
double cover of SL2 ■ An integral weight modular form with trivial character 
can be considered as a vector in the space of an automorphic representation 
tt on PGL2. The representation theoretic version of the Shimura correspon- 
dence is a theta correspondence relating tt on PGL2 to some tt on SL2, 
[Wl]. 

Our first task is to define the constants associated to tt and tt that are the 
analogues of the Fourier coefficients of the modular forms. Such constants 
are defined in § 2. For D / £ F* , we define the D— th "Fourier coefficients" 
of tt and tt to be d w (S, 4> D ) and da(S, ip D ), (see § 2 for notations). Our version 
of the Waldspurger's formula is (Theorem 4.1): for a tt and D, there is a 
corresponding representation tt = tt (tt, D) of SL2, such that 

(1.2) K(S, ^ D )\ 2 L s (tt, 1/2) = K(S, V D )| 2 . 

Here L s (tt, 1/2) is the central (partial) L— value. 

1.3. The role of Waldspurger's result on theta correspondence. A 

clear difference between our formula and (1.1) is that the twisted L— value 
does not appear in our formula. To introduce the twisted L— value, we 
apply the formula to tt (g> \D where \D is a quadratic character associated 
to D G F*. The problem of course is that tt(tt <8> xd,D) is not necessarily 
the same for all D. 

The results of Waldspurger on theta correspondence ( [W3] ) gives a parti- 
tion of the set F* into a finite collection of subsets, such that the represen- 
tation tt(tt® xd, D) remains the same for D in a given subset. The equation 
(1.2) then gives a formula for the twisted L— value L(tt <S> Xd, 1/2) in terms 
of the D— th Fourier coefficients of tt, as long as D lies in this particular 
subset. 

1.4. Generalization of the Kohnen-Zagier formula. We compare our 
result with the Kohnen-Zagier formula (1.1). We now understand the condi- 
tions on D in the Kohnen-Zagier formula. The condition is to ensure that D 
lies in a given subset of Q*, so that the half-integral weight form appear in 
(1.1) remains the same. With this understanding, we see that for D in other 
subsets of Q*, there should also be another version of the Kohnen-Zagier 
formula, involving a different half integral weight form. 

In our generalization, we assoicate to f(z) a partition of Q* , and to each 
subset X of the partition a half integral weight forms gx(z)- We get an 
equation in the form of (1.1) for each gx(z), which holds for all fundamental 
discriminants D that lie in the subset X. 

In the process of deriving the generalized Kohnen-Zagier formula from our 
adelic version, we give the adelic interpretation of the concept of Kohnen 
space. To a half-integral weight eigenform of level AN (N odd) associates 
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a vector (p in the space of an automorphic representation n = ®tt v of SL2, 
where <p = (p^ ® (pi ® (^3 <8> . . . with <p v being vectors in the space V^ jV of tt v . 
The vector (p2 could lie in a two dimensional subspace of V% 2 . The Kohnen 
space is a subspace of half- integral weight forms. We show that it is exactly 
the subspace generated by (pi's whose local component (pi lies in a particular 
one dimensional subspace of ^re- 
structure of the paper: 

The paper is organized as follows: In § 2, we define the constants dn(S, ip) 
and dft(S,ip). We recall Waldspurger's result on theta correspondence in 
§3. In § 4 we state the main theorems. The relative trace formula of [Jl] is 
reviewed in § 5. We describe the local theory of the relative trace formula 
in § 6. The proof of the main theorems are given in § 7. In § 8, we compute 
some examples of local constants appearing in the identity for L{it, 1/2). 
The computations are just easy exercises, and the results are used in the 
translation from adelic language to modular form language of our formula, 
as well as in a proof in § 7. In § 9, we give a dictionary between the language 
of representation theory and modular forms. We also give a discussion on 
the Kohnen space. In § 10, we prove the Kohnen-Zagier formula without 
the conditions on the fundamental discriminant D. 

Notations and background: 

Let F be a totally real number field, A its adele ring. We will use v 
to denote places of F. When v is nonarchimedean, let O v be the ring of 
integers in F v , P v (or P) be its prime ideal, w its uniformizer, and q v (or q) 
the size of the residue field O v /P. We use || v to denote the metric on F v . 

Let G = GL2, G = GL2 and G' = SL2. We will use e to denote the 
identity elements of the groups G, G' and G. Let Z be the center of G. 
Then PGL2 = G/Z. Let B be the subgroup of GL2 consisting of upper 
triangular matrices, B be its lifting to G. 

We will use (g, ±1) to denote an element in G. Let [*, *] be the Hilbert 
symbol. The multiplication in G takes the form: 

, 1W n v / Mgig 2 ) x{gig 2 ) 
(9i,l) • (52,1) = (^32, — detffi ) 

x{gi) x(g 2 ) 

where for g = ^ ^ ^ ) ' X ^ = c if c / or d if c = 0. 

Let n{x) = ^ ^ X ^ , h(x) = (n(x), 1). Let w = ^ ^ ^^'^ = ^l 



Let a = ( j l,2=(l Q _i ) ,!)■ 

We fix a nontrivial additive character ip of A/F. Then ip = Y\ v ip v - For 
D G F*, let ip D (x) = i/j(Dx); let xd be the quadratic character of A* /F* 
associated to the field extension F(y/~D). At a local place v, for D 6 F*, we 
let xd be the quadratic character of F* associated to the extension F v {y/D). 
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We will fix measures as follows. The choice of additive dx on F v measure 
does not matter for the statement of our theorem. We will however fix it 
to be self dual for the character ip v . The multiplicative measure is d*a = 
(1 — <?~ 1 )~ 1 j^p, where q is the size of the residue field when v is p— adic, 

and q = oo when v = oo. We fix the measures for Z\GL^ and SL2 as in 
[B-Ml] and [B-M2]. Write g = z(c)n(x)wan(y) for g G G(F V ) - B(F V ), then 
dg = \a\ v d* cd* adxdy is the measure on G(F V ). The measure on Z(F V ) is 
dz(c) = d*c, and we use the resulting quotient measure on Z(F V )\G(F V ). 
For g G G'(F V ) - B{F V ) n G'(F V ) with g = h(x)wgh(y), we define dg = 
\a\1d* adxdy to be the measure on G'(F V ). 

Define the Weil constant j(a,i/j^) over F v to satisfy: 

J Mx)^(ax 2 )dx = |a|- 1 / 2 7(a,^) J ^(x^-a^x^dx 

where 

= J <S>(y)^(-2xy)dy. 

We let 7 ( a ,^) = 2^[-l,a]. 

We use 7r to denote an irreducible cuspidal representation of G(A) with 
trivial central character, and use tt to denote an irreducible cuspidal repre- 
sentation of G'(A). 7r can be considered as a representation of PGL2(A). 
We have ir = ®7Tt, and tt = ®% v as the restricted tensor products of repre- 
sentations over local fields. We will use V n ,V^, V WjV and V^ >v to denote the 
spaces where the representations 7r,7r,-K v and n v act on respectively.. 

When n is a character of F*, we will let vr(/x, /U _1 ) denote the principal 
series representation of G(F V ) induced from [i. It acts by right translation 
on the space of functions <p ° n G(F V ) that satisfies: 

(1.3) cj>(n(x)azg) = n(a)\a\y 2 <f>(g) 

We use 7r(/i,ip v ) to denote the principal series representation of G'(F V ) that 
acts on the space of functions 4> of G'(F V ) satisfying: 

(1.4) <p(h(x) • g • g) = /u(a)7(a, ip v )\a\ v </>(g) 

These representations are unramified if \i and ip v are unramified. 

The L— function L(ir,s) is defined in [J-L]. So is the factor e(n,s) = 
Yl e ( 7T v, Sji'v)- We note that e(7r„,l/2) = e(7r„, 1/2, ip v ) is independent of 
the choice of ip v . 

By the well known result on the Shimura-Waldspurger (theta) correspon- 
dence ([R-Sc], [Shi], [W3]), for the given t/j D there associates a unique irre- 
ducible cuspidal representation tt(it,D) = Q(ir,i() D ) of G'(A) ([Wl]). Here 
denotes the theta correspondence. Similarly given tt on G', there is a 
unique irreducible cuspidal representation ®{ir,iJ) D ) on PGL2 ([Wl]). We 
note that the space of e(vr,V D ) and Q{tt,^ d ) could be zero dimensional. 
The theta correspondence is also defined locally, which we again denote by 

e. 
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We will use S to denote a finite set of local places containing all v which 
is archimedean or has even residue charactersitic. For v £ S, the covering 
G'(F V ) splits over S L/2{Ov^) • ^Vith this splitting, we consider SL2i&v) & 
subgroup of G'(F V ). Explicitly the embedding of SL2(O v ) in G' is given by 

g i ^ (g,K(g)), where ^ ^ ^) = [c, d] if | c| ^ < 1 and c / 0, k(<?) equals 

1 when \c\ v = 1 or c = 0. 

We will use to denote the norm of a vector <p: if (*, *) is a Hermitian 
form on a space V, for 99 G F, let ||</?|| = (tp, f) 1 ^ 2 ■ We use {<5j} to denote a 
set of representatives for the square classes in F*/(F*) 2 , with 5± = 1. 

Acknowledgement: Professor Jacquet suggested to us to consider the 
application of [Jl] in L— functions. We thank him and J. Cogdell, B.Conrey, 
S. Gelbart, D. Ginzburg, E. Lapid, S. Rallis, D. Ramakrishnan, P. Sarnak, D. 
Soudry, J. Sturm for helpful conversations. We would also like to thank The 
Ohio State University, Institute for advanced study, the Weizmann institute 
of science for their hospitality during the visit of one or both authors, and 
Gelbart and Rallis in particular for their invitation. The second author was 
partially supported by NSF DMS 9304580. 

2. Definition of two constants 

2.1. A constant associated to n on G. We define a constant d 7T (S,ip) 
which can be considered as the Fourier coefficient of ir. The constant depends 
only on the character ip, the choice of the finite set of places S and the choice 
of Haar measures. Note that the choice of Haar measures and ip are fixed 
in the introduction. 

2.1.1. Whittaker model on G. Let ir be an irreducible cuspidal automorphic 
representation of G(A) with trivial central character. Let V n C L 2 (Z(A)G(F)\G(A)) 
be the space that 7r acts on. For ip G V w , let 

(2.1) W v (g)= ( <p(n(u)g)ijj(-u)du. 

J A/F 

Then the space {H 7 ^!^ G V w } gives the global Whittaker model of ir. 

Remark 2.1. When an integral weight form / is considered as a vector ip 
in the space of V n , its Fourier coefficients are roughly the values of W v (e) 
for various choices of ip, (see § 9). 

For any admissible representation ir v of G(F V ), the space of its ip v - Whittaker 
functional L v : — > C satisfying: 

(2.2) L v (n v (n(u))v) = ip v (u)L v (v),v £ K,u 

is at most one dimensional. For the 7r„'s appear as local components of 7r, 
such a space is one dimensional. We will fix the linear form L v for any given 

7T„. 

Let S be a finite set of places as in the introduction, and contain all places 
v where ir v is not unramified. For v S, ir v is an unramified representation 
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of G(F V ); let (fo >v £ V^^ be the unique vector fixed under the action of 
G(O v ) such that L v (ipo jV ) = 1. 
We note that 

L : ip -► W 9 {e) 

is a linear form on satisfying (2.2). From the uniqueness of the local 
Whittaker functionals, L can been expressed as a product of local linear 
forms L v . There is a constant c\(tt, S, ip, {L v }), such that whenever <p = 
<£>ves l Pv < &vgs ( Po,v, (here we fix an identification between V n and the restricted 
tensor product ®Vn :V where V n v is the space of the local component tt v ) 

(2.3) W <p (e) = c 1 (n,S,1>,{L v })l[L v {<p v ). 

2.1.2. Hermitian forms on G. Define a Hermitian form on V n by: 
(2-4) (¥>,¥>')= / V(9)¥(gjdg 

Jz(A)G(F)\G(A) 

Over a local place v, for a unitary representation n v with a nontrivial Whit- 
taker functional L v , we can define a G^-invariant Hermitian form on V w v 
by: 

f da 
(2.5) (v,v')= / L v (ir v (a)v)L v (ir v (a)v') — 

J F* \ a \v 

(see [Go]). From the uniqueness of (^-invariant Hermitian forms, we get: 
there is a constant 02(71", S, tp, {L v }) > 0, such that whenever cp = <g> V £s l Pv®vgs 
<Po,v, 

(2-6) M=C2(ir,S,iP,{L v })l[\\ip v \\. 

2.1.3. The constant d n (S,ip). 

Lemma 2.2. The constant d n (S,^) defined by 

d n (S,ip) = \c 1 (ir,S,ip,{L v })/c2(Tr,S,ip,{L v })\ 
is independent of the choice of the linear forms L v . 

Proof. From the uniqueness of local Whittaker functionals, any other choice 
of linear forms L' v must have the form L' v = a v L v with a v some nonzero 
complex constants. From the definition, we get 

C2(ir,S,ijj,{L' v }) = Y[ \av\~ 1 C2(K,S,4>,{L v }), 
ves 

ci(tt,S,4>,{L' v }) = Y[ a~ 1 c 2 (TT,S,i;,{L v }). 
Thus the constant d n (S,ip) is independent of the choice of {L v }. □ 
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This is the "Fourier coefficient" we associate to tt. The constant d n (S,tp) 
is well defined as we fixed the choice of ip and the measure on G, (it is easy 
to check that the constant is independent of the choice of additive measure). 
Explicitly for any vector if = 'Siy^sfv ®vgS <Po,v with L v (ip v ) / for v G S, 



„ eS Mw.)l 

We make an observation on the dependence of d 7T (S,ip) on ip. 

Lemma 2.3. Let D G F* . If S is large enough such that \D\ V = 1 for all 
v G" S, then 

d n (S^)=d w (S^ D ). 

Proof. Take a vector if = ® V £S<Pv <£>vgs <Pq,v in the space of tt. We will let 
L D ((p v ) = L v (tt v (D)<p v ). Then L D is a nontrivial ^-Whittaker functional 
on tt v . Let ||^||d be the norm of (p v defined by (2.5) with L v replaced by 
L D . When v G" S, clearly L v (tt v (D_)(Po :V ) = L v (ipo jV ) = 1. Thus using the 
above explicit form, 

«4 (s ,^ ) = !^ n "gj!!i> 
IMI ^ s \ L v^v)\ 

From a simple change of variable we get W D (e) = W^^^e). By the 
uniqueness of local Whittaker functional, 

\W D (e)\ \W n(m ^e)\ \ Wlfi (e)\ 

I\ v es MM I\ v es \L v (*(D)<Pv)\ lives IM^)I ' 

From (2.5), H^vIId = \\<Pv\\- Thus we get the equality in the Lemma. □ 

2.2. A constant associated to tt on G' . Let tt be an irreducible cuspidal 
automorphic representation of G'. We associate a constant d^(S,ip D ) to tt 
in a similar fashion. Let V% be the space of automorphic forms that tt acts 
on. For (p G V n , let 

WP(g)= [ (p{n{x)-g)^ D {-x)dx. 

J A/F 

Then the Fourier coefficients of half integral weight form can be intepreted 
as some WP(e), (see equation (9.2)). 

We will assume tt has a nontrivial ^-Whittaker model, namely W?(g) / 
for some ip G V%. Then locally, tt v has a nontrivial ■^-Whittaker model, 
unique up to a scalar multiple. We will fix the corresponding linear forms 
L D satisfying for all <p v v G V^ jV , 

~L D {TT v {h{x))^ v ) = L D {(p v )^ D {x). 

Let S be a finite set of places as in the introduction, and contain all places 
v where tt v is not unramified. When v G" S, tt v is unramified and possess a 
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nontrivial ^-Whittaker model ; there is a unique vector in ipo jV that is 
fixed under SL2(O v ) and satisfying Ly(<po jV ) = 1. 
The space V% has the Hermitian form 



(2.8) (<P,<f>') = / <p{g)(p>(g)dg. 

JSL 2 (F)\G'(A) 

Over the space V^ tV , one can define a Hermitian form similar to (2.5), though 
the definition is more complicated. Let {5i} be a set of representatives of 
F*/(F*) 2 , with Si = 1. From [B-M1],[B-M2], we see there is a choice of 

5i -Whittaker models (could be trivial) on V^ v , such that L^ 1 = 
and 

(2.9) = J] % / 4 D5 H^(^)^)^Fv%K)^- 

is a G'^-invariant Hermitian form. (We used the factor ^ to be consistent 
with [B-Ml] and [B-M2]. There we defined the Hermitian form on GL2 first 
and restricted the form to SL>2- See section (9.7) of [B-Ml]). For some 
explicit constructions of this form, see § 8. 

We can now define the constant d^{S,iJ) D ). From the uniqueness of Her- 
mitian forms and Whittaker models, there exist constants Ci(n, S, ip D , {L®}) 
and C2(tt , S, ip D , {L^}) such that whenever (p = ® V £s<Pv ®vgs <Po,v (under an 
identification between V% and the restricted tensor product ®Vft >v ): 

wP(e) = C!(7f , S, {L°}) H L?(<p v ), 

\m = v(*,s,^,{LZ})i[\\<p v \\. 

ves 

As in the case of Lemma 2.2, we have: 

Lemma 2.4. The constant 

d*(S, i> D ) = |ci(7f, S, {^}/c 2 (tt, 5, ^, {L?})| 

is independent of the choice of the linear forms . 

When 7f does not have a nontrivial ^-Whittaker model, we will set 
dft(S, ip D ) = 0. The constant d^(S, ip D ) is well defined with our fixed choice 
of ip D and the measure on G', (and again it is independent of the choice 
of additive measure). Explicitly for any vector (p = <gi v es<P~v ®vgs <Po,v with 
L%{ip v ) + for v £ S, 

(2.10) ^^ D )=^w^n !L;vN 
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3. Results on the theta correspondence 

As stated in the introduction, the generalization of the Shimura correspon- 
dence between the half integral weight modular forms and integral weight 
modular forms is the theta correspondence between automorphic represen- 
tations of PGL2(A) and SX2(A). The theta correspondence is dependent 
on the choice of the additive character ip. With a fixed ip, we denote by 
Q(tt,iP) the representation of SL2(A) associated to tt of PGL2(A), and 
0(7r v , ip v ) the representation of SL2(F V ) associated to tt v of PGL2(F V ) under 
the theta correspondence. Conversely, the theta correspondence associates 
to tt of SL2(A) and tt v of SL,2{F V ) representations (tt, ip) of PGL2(A) and 
TT v = e(n v ,^ v ) of PGL 2 {F V ). 

In this paper, of particular importance are the representation tt d = ®(tt® 
Xd,4> D ) and its local counterpart tt® = @(tt v <8>xd, ipv)- I* 1 this section, we 
recall Waldspurge's beautiful results on these representations. The works 
in [Wl], [W3] tell us that the set {tt d } (or {tt®}) is finite, moreover the 
dependence of fr D (or tt®) on D is also given. 

We first recall Waldspurger's local theory. Fix a place v of F. Let P$ tV 
be the set of special or supercuspidal representations (or discrete series rep- 
resenations when F v = R) of PGL 2 {F V ). For D G F*, define (^) G ±1 
by: 

(— ) = XD(-l)e(* v , l/2)/e(vr, ® X D, 1/2). 
We then get a partition of F* = F+ U F~ where 

F±(« v ) = {DeF:\(-)=±l}. 

TT V 

Theorem 3.1. [W3] 

When ir v g" P , v , F+ = F* and tt® = Q(w v ,ip v ). 

When tt v G Po,v> there are two representations 7r+ and tt~ of G' v , such 
that tt d = 7f+ = Q(tt v ,iI> v ) when D G F^~ , and tt® = tt~ when D G F~ . 

Moreover tt d = Q(TT v ,ip v ) if and only if &(tt v , ip v ) has a nontrivial ip® - 
Whittaker model. 

We now state the global counterpart of this Theorem. Let Aqq be the 
space of cuspidal automorphic forms on G'(A) that are orthogonal to the 
theta series generated by quadratic forms of one variable. Let Aq^ be the 
subspace of cuspidal automorphic forms on PGL2(A), such that for any tt 
subrepresentation of Aqj, there is D G F*, with L(tt xd, 1/2) / 0. 

For 7T"i,7T2 irreducible subrepresentations of ^oo, we will say tt\ ~ TT2 if 
they are near equivalent, that is at almost all places v, TTi tV = tt2, v - Denote 
by ^oo the quotient of Aqq by this relation. 
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Let £ = S(7r) be the set of places v where tt v G Po tV . Given D G F* , let 
e(D,ir) = (^)„eE- Then e(D,ir) G {±1} |S| . We have' 

(3-1) e(7r® XD ,l/2)=6(7r,l/2)n(— )■ 

We will use 6 — (c^)t!^s to denote an element in {il}-^, with c v G {il}. 
Given such an e, we will let F e {ir) to be the set of D G F* with e(D, tt) = e. 
Then we get a partition F* = U ee | ±1 ||E|i ?e (7r). 

Theorem 3.2. [W3] 

1. (Relation with local correspondence) When Q(jt,ip) / 0, Q(7r,ip) = 
(g> v e(iT v ,ip v ). When Q(ir,ip) / 0, 9(tt, Y>) = ® v @(ir v , ip v ). 

2. (Nonvanishing of the correspondence) Q(ir,ifj) ^ if and only if 
L(ir, 1/2) / 0. Q(n,7p) ^ if and only if tt /tas a nontrivial Tp-Whittaker 
model. 

3. (Correspondence as a bisection) For tt an irreducible subrepresentation 
of Aqq, there is a unique tt associated to tt, such that whenever 0(vr, tp D ) ^ 0, 
0(vr, tp D ) <g) X d = tt- Denote this association by tt = S^(tt). This association 
defines a bijection between Aqq and Aq^. 

4- (Description of near equivalent class). If tt = S^{tt), the near equiva- 
lence class of tt consists of all the nonzero tt d 's. 

5. (Dependence of tt d on D). Let e G {±1}I E L // n„ 6 s e v + e(ir, 1/2), 
then tt d = for all D G F € (tt). If YiveT, e v = e(7r, 1 /2), then there is a 
unique tt € such that for D G F € (tt), tt d = tt e when L(tt <8> Xd, 1/2) / and 
tt d = otherwise. 

For convenience, if YiveT, e v ^ e ( 7r ' V^)) we se t ^ e = 0. 

4. Statement of the main results 

4.1. The formula for L(7r, 1/2). The definition of the L— function L(tt,s) 
and the local L— functions L(tt v , s) can be found in [J-L]. Fix a finite set of 
places S, we use L (tt,s) to denote the partial L— function flv^s L(tt v , s). 

Theorem 4.1. For an irreducible cuspidal automorphic representations tt 
of GL2(A) with trivial central character and L(tt, 1/2) / 0, for D G F* , let 
ttd = <d(TT,t(j D ). Let S be a finite set of places as in the introduction and 
moreover containing all places of v where ip or ip D is not unramifed, and all 
places where tt v or ttd,v is not unramified. Then 

(4.1) K(S, ^\ 2 L S (tt, 1/2) = \d* D (S,1> D )\ 2 

We state a more explicit formula using (2.7) and (2.10). Take any vectors 
V = ®veS<Pv ®v?s ¥o,v and (p = ® ve s&v <£>v<?s &o,v hi V w and V^ D such that 
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L v (<p v ) 7^ and L v (tp v ) / 0. Define: 
(4.2) e(tp v ,^ v ) = 



\\<Pv\ 



£ v (¥>f)l 2 

2 



(4.3) efo,,^) - 



\L°{$ V )\ 2 

Then as in the proof of the Lemma 2.2, these constants are independent of 
our choice of L v and and are well defined. From (2.7) and (2.10), we see 
the identity (4.1) can be stated as follows: 

\WP(e)\ 2 _ |^(e)| 2 L(vr,l/2) n e(^) 
{ '> IMP IMI 2 ^ s e(^ v ,^)L(n v ,l/2) 

4.2. The adelic version of Waldspurger's Theorem. The statement 
in Theorem 4.1 is a direct result of our interpretation of Waldspurger's 
formula. To see the relation with the previous versions of Waldspurger's 
formula, we apply the theorem to the case with ir replaced by it <£> \D- Then 
tt£) = tt d = @(tt ® Xd,4> D ) and we can apply the results in § 3. The results 
are stated in the following two Theorems. 

In the rest of the section, we will assume D satisfies that for all odd 
nonarchimedean places v, \D\ V = 1 or \D\ V = q~ x , and for all even nonar- 
chimedean places v, 1 < \D\ V < q~ 2 . With a bit abuse of terminology, we 
call this D a square free integer in F*. 

In [W2], Waldspurger described the Fourier coefficient of a half integral 
weight form using the data from the corresponding integral weight form. We 
generalize his result here. For tt an irreducible subrepresenation of Aqq and 
D G F* , we describe d^(S, tp D ) in terms of the data of it = S^(tt). 

Let S = S(vr) be as in Theorem 3.2. From Theorem 3.2, tt = tt 60 for some 

6 G{±1} |S| . 

Theorem 4.2. Let S be as in the introduction and contain the places v 
where n v or ip is not unramified. Let D be a square free integer in F* . Let 
7r = S^(tt) and eo be as above. If D € F e °(7r) then 

(4.5) \d*(S,iP D )\ 2 = \d n (S^)\ 2 L s (7T® X D,l/2)l[\D\~ 1 . 

v&S 

IfD^F^(Tr), d jT (S,^j D ) = 0. 

4.3. Adelic version of the Kohnen-Zagier formula. The Kohnen-Zagier 
formula quoted in the introduction, as opposed to the Waldspurger's the- 
orem in [W2], describes the twisted L— value of f{z) in terms of data of a 
half integral weight form. We now state its generalization. 

Let 7r G Aq^. Let S = be as in Theorem 3.2. For e G {±1}I S I, we 

define tt € as in Theorem 3.2. 
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Theorem 4.3. Let S be as in the introduction and contain the places where 
tp or n v is not unramified. Then for e G {±1}I S I ; for D G F e (ir) a square 
free integer, 

(4.6) K e (5^ D )| 2 = K(5,V)| 2 ^ 5 (7r®XD,l/2)ni^l^- 

Remark 4.4. 1. The equation (4.6) is in fact a finite set of equations, 
corresponding to the finite partition of F* by F >l ('k). The conditions on D 
in (1.1) are precisely the condition D G D t0 (7r) for a given eo- Thus (1.1) is 
only one in a set of equations. See § 10 for the whole set of equations. 

2. From Theorem 4.2, \d^(S, %l) D )\ = when D G" F € (tt). Thus for 
7r 6 A),i> f° r all square free integers, 

(4.7) Yl \d^(S,^ D )\ 2 = K(S^)\ 2 L s (tt ® XD , 1/2) J] pi" 1 . 

3. If 7T A 0:i , then clearly L(vr xd, 1/2) = for all L> G F*. 

4.4. Some other consequences. Since L(ir v , 1/2) > when ir v is unitary, 
from the Theorem 4.1 we have 

Corollary 4.5. For all irreducible cuspidal automorphic representations ir 
ofPGL 2 {A), L(vr,l/2) > 0. 

This result is first shown in [Gu]. 

The next corollary can be considered as the adelic version of corollary 2 
in [W2]. It follows immediately from Theorem 4.3. 

Corollary 4.6. Let tt G Aq^ and S, S = S(7r) be as in Theorem 4-3. Fix 

e G {±1}I S L For two square free integers D\,Di G F e (ir), 

(4.8) 

\d^(S, ^)\ 2 L(tt XD2 , 1/2) = \d^{S^ D *)\ 2 L(Tr XDl , 1/2) 

We also state a result concerning the relation of the D— th and DA 2 -th 
Fourier coefficients of a half-integral weight form. Note the similarity with 
Lemma 2.3. 

Corollary 4.7. Let S be as in Theorem 4.3. If D' = DA 2 for A G F x . Let 

Sd,d' be a finite set of places with \D\ V = \D'\ V = 1 for all v G" Sd,d'- Then 

(4.9) \MSd,d>US,iI> d )\ = \d^S DtD ,US,4> D ')\. 

4.5. Ramanujuan conjecture and Lindelof Hypothesis. TheRamanu- 
juan conjecture for the half integral weight cusp form is as follows: 

Let g(z) = Y^=i c(n)e 2mnz be a cusp form of weight fc + 1/2, 
k G Z, such that g(z) is orthogonal to the space generated by 
the theta series associated to quadratic forms of one variable, 
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(i.e. g(z) is a vector in Aqq). Then when n is square free, as 
nwoo, 

(4.10) \c(n)\ «g, a n^ 2 - 1 ^ 

for all a > 0. The implied constant depends on g(z) and a 
only. 

To state the generalization of this conjecture to the case of cusp forms 
over totally real fields, we find it most natural to use the notion d^(S,tp D ) 
again. 

Let S be a finite set of places as in the introduction and contain all places 
where tt v is not unramified. For So C S, for (p a vector in the space of tt, we 
define 

(4 " U) 

^(y,s ^ ) = — ffen— 11 i/g^ " ( ^ } 11 P II ' 

lm v£S \ L vWv)\ veS _ So \\<Pv\\ 

As before this constant is well defined and independent of the choice of 
{L?}- 

Let Soo be the collection of archimedean places of F. For D G F*, define 

i-°ioo = n^e^oo \ D \ V - 

Conjecture 4.8. (Ramanujuan conjecture). Let tt be an irreducible sub- 
representation of Aqq. Let ip € Vft- For D a square free integer in F* , as 
\D\ i ^ oo, for all a > 

(4.12) 1^(^,^00,^)1 «*,$, a \D\ a s ~J' 2 

where the implied constant depends only on TT,(p and a. 

We will show in § 9 that the above conjecture implies inequality (4.10). 
The Lindelof hypothesis is a conjecture on the bound of central value of 
L— functions. We state only a special case. 

Conjecture 4.9. (Lindelof hypothesis) Let tt be an irreducible cuspidal au- 
tomorphic representation of G(A) with trivial central character, then for D 
square free integer, as \D\ oo ; for all (3 > 

(4.13) |L 5 ~ (tt X D, 1/2)| \Df Soc 
where the implied constant depends only on tt and f3. 

Theorem 4.10. The inequality (4-12) holds for some a > (and for all 
tt and <p as in Conjecture 4-8) if and only if the inequality (4-13) holds for 
(3 = 2a > (for allir as in Conjecture 4-9)- In particular, the Conjecture 4-8 
is equivalent to the Conjecture 4-9- 
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5. A RELATIVE TRACE FORMULA 

In [Jl], Jacquet proved some of Waldspurger's results on theta correspon- 
dence using a relative trace formula. Our result is based on a local analysis 
of his trace formula and its variation. We recall some of the results on the 
trace formula, in the process fix some notations. The main result here is 
Theorem 5.5. 

5.1. Definition of the global distributions /(/, ip) and J(f',i() D ). Let 
f{g) G C^°(Z(A)\G(A)) the space of smooth compactly supported func- 
tions. Define a kernel function 

K f (x,y)= f( x ~^v) 
£ePGL 2 (F) 

Define a distribution /(/, ip) to be: 

(5.1) / / K f (a,n{u))i/j(u)dud*a 

J A* /F* JA/F 

Let f'(g) G C£°(G'(A)), (we use this notation to denote the space of genuine 
smooth compactly supported functions). Define a kernel function 

K f (x,y)= £ f'fr^-Z-y) 

ZeSL 2 (F) 

Here we note that SL2(F) embeds into G'(A). Define a distribution J(f, if) D ) 
to be: 

(5.2) f [ K f (n(x),n(y))i; D (-x + y )dxdy 
Ja/f Ja/f 

The relative trace formula is an identity between the distributions /(/, ip) 
and J(f, Tp D )- We will state the result on the distributions /(/, ip), </(/', ip D )- 
The computations are available in [Jl] and will not be included. 

5.2. Comparison of orbital integrals. 
Proposition 5.1. [Jl] If f = ®f v and f = ®f' v , then 

aeF* 

j if, o = n j i° (fv)+u v (f v ) + e n °t @ • s) 

aeF* 

In the above equations, I^(f v ) and J^ D {f' v ) are the so called singular 
orbital integrals of f v and f' v , whose precise forms are not important for us, 
while 

Of^(g) = J f v (agn(x))ip v (x)dxd*a 
Of(g) = [ f v {h{x) ■ g ■ h(y))^(x + y)dxdy 
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Proposition 5.2. [Jl] For each f in C™(G(F V )/Z(F V )), there is f G 
C%°(G'(F V )) such that for a G F* 



(5.3) of(n(—)w) = Op(w-a)M Ml^a' 1 , ^ 



equations. 

We say the two functions / and /' match if the relations in the proposition 
are satisfied. 

Now let v be a non-Archimedean place with odd residue characteristic, 
and where ip v , ip„ have order 0. Recall that the Hecke algebra TL{G{F V ) / Z (F v )) 
is the algebra of compactly supported functions on G(F V )/Z(F V ) biinvariant 
under the maximal compact group G{O v ). The Hecke algebra H{G'{F V )) 
is similarly defined, except that the functions are genuine, and biinvariant 
under SL2(O v ) embedded in G'(F V ). 

Proposition 5.3. [Jl] There is an algebra isomorphism r] v : Tt(G(F v )/Z(F v )) - 
TL{G'(F V )), such that f and r] v (f) match. 

Prom Propositions 5.1, 5.2 and 5.3, we get 

Theorem 5.4. Fix any finite set of places S as in the introduction and 
containing places where ip and D are not of order 0. For each place v G S, 
there is a map p v : C™{G{F V )/Z{F V )) -► C%°(G'(F V )), such that 

I{®vesfv®v£S fv,ip) = J(®veSPv{fv) ®v<£S riv{fv),ip D ), 
whenever f v G H(G(F V )/Z(F V )) for all v G S. 

5.3. Relation with Shimura-Waldspurger correspondence. For it an 

irreducible cuspidal automorphic representation of G(A) with trivial central 
character, define 




(5.4) 




with % an orthonormal basis of V n ; here for ip G V-n 




JA*/F* 

For 7f an irreducible cuspidal representation of G'(A), define 





with cp'i an orthonormal basis of Vj; here for (p G V% 
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The distributions I n (f,ip) and J%(f \fp D ) are the contributions from tt 
and tt to I(f,ip) and J(f, ip D ) respectively. 

Recall that if ir v is unramified, there exists a vector ipo tV that is fixed 
under the action of G(O v ). For /„ a Hecke function on G(F V )/Z(F V ), there 
is a constant f v (TT v ) with 

(5.6) nv{fv)<Po,v = fv{n v )po,v 

Similarly, if tt v be unramified, let (po )V be a vector that is fixed under 
SL2(O v ), then for f' v in the Hecke algebra of G'(F V ), there is a constant 
f'vi^v) with 

(5-7) n v (fv)(p 0jV = f' v (Tt v )<p ,v 

It is standard to derive from the Theorem 5.4 the following: 

Theorem 5.5. [Jl] For any cuspidal representation tt of G with trivial 
central character such that I n (f, tp) is nontrivial, there is a unique cuspidal 
representation tt of G' , such that if f and f match 

(5.8) Uf^) = ,h(f'^ D ) 

Moreover, if S satisfies the condition in Theorem 5.4 and contains all places 
where n v or tt v is not unramified, for v S, if f v is a Hecke function and 
f'v = Vv(fv), then 

(5.9) f v (7T v ) = /'„(#„). 

Remark 5.6. From the definition of Z((p) and the integral representation 
of L— function L(it,s), it is clear that I w (f,ij)) is nontrivial if and only if 
L(tt, 1/2)^0. 

Proposition 5.7. In the above theorem, tt = Q(tt,i() D ). 

Proof. From the description of the map rj v of Hecke algebras in [Jl] and the 
equation (5.9), we get tt is in the same near equivalence class as ®(tt, ip D ). 
As Js(/' ,V> D ) 0, tt has V D -Whittaker model from (5.5). Let E = £(tt) 
be as in Theorem 3.2. Then for v G S, tt v = ®{ir v ,il)®) by Theorem 3.1. 
Thus tt must be the same representation as @(tt, tp D ). □ 

6. The local distributions 

Let tt and tt be the cuspidal representations that correspond to each other 
by Theorem 5.5. Then tt = G(vr,V' D ). Let S be as in Theorem 5.5. Assume 
/ = ®fvif = where / and /' match, and /„, f v are matching Hecke 
functions when v S. We write I % {f, ip) and J^if, ip D ) as products of local 
distributions over the places in S. We then state the identity between the 
local distributions, which coupled with Theorem 5.5 gives Theorem 4.1. 
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6.1. The distribution In, v {f v , ip v ). We fix a choice of local Whittaker func- 
tionals L v on ir v , and define the Hermitian form on V Kv using this choice of 
L v . For v £ S, we fix for ir v as above an orthonormal basis of V n ^ v , denote 
it by {ifi tV }. For v S, let (fo tV be the vector given in § 2. For ir = <8>7r„, 
from (2.6), the set 

(6.1) {if!} = {C 2 (7T, S, ip, {L^y 1 <S>veS fi,v ®v#S *P0,v) 

can be extended to an orthogonal basis of V v . Let V(tt, S) be the space of 
vectors generated by the set of {</?/}. With our choice of /, if is clear that 
if <p £ V n is perpendicular to the space V(ir, S), then n(f)ip = 0. Thus the 
expression (5.4) for I n (f,ip) takes the form: 

(6.2) ^Z(tt(/)^)WVR. 

Using the Hecke theory for GL2, we show: 
Lemma 6.1. When tp = ® V £S<fiv ®vgs <Po,v> 

(6.3) Z(<p) =c 1 (w,S,1>,{L v })L(ir,l/2)l[\ v {<p v ) 

v&S 

where 

f F , L v (ir v (a)ip v )\a\ s v ~ 1/2 d*a 

Xv{(fv) = — K^7) ls=1 / 2 - 

Proof. Since 99(a) = YlseF* W, n (5a), we get: 

Z(<p) = [ ^(a)|a|r 1/2 rf*a| s =i/ 2 , 

J A* 

which by (2.3) equals 

-n- If* L v (7r v (a)ip v )\a\ s v ' 1/2 d*a 
L(tt, l/2) Cl (vr, S, Y>, {L„}) [J ^ , | s=1/2 . 

v v ' 

When w 5, it is well known that the above local factor equals 1, ([Go]). 
Thus the Lemma. □ 

Proposition 6.2. Let S be as in Theorem 5.5. When f = ®f v where f v is 
a Hecke function if v S: 

(6.4) /,(/, V) = L(tt, 1/2) K (5, ^)| 2 J] h, v {fvM II /"faO 
w/iere 

(6.5) In,v(fv,tpv) = ^2K{Kv(fv)<Pi,v)L v (<p v ). 

<Pi,v 

where the sum is taken over the orthonormal basis ofV n v . 
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Proof. Let ip = 02(11, S,tp, {L v })~ x v ^s <fiv ®v^s <Po,v be an element in the 
orthonormal set (6.1). From (2.3), we get 

Cl (7T,S,^,{L v }) tt 

W A e > = —1 o ; rr vi 11 L vVPv)- 

C2(ir,S,ip,{L v }) A g x 

From (5.6), 

7r (/)^ = C2(vr,S',V',{^t,}) _1 ]J A(^) ®veS n v (f v )ip v ® v g S <Po,v 
From the above Lemma: 

Z(7r(/)^)W^) = \ ^pMl^h fL(^ 1/2) J] ]J K(Mfv)Vv)I^pJ. 

The proposition follows from (6.2) and the definition of d n (S,ip). □ 

Remark 6.3. The expression I- ! r : v(fvi'4 , v^) is well defined and independent 
of the linear form L v we choose, as a change in L v will result in a change in 
the Hermitian form, thus the orthonormal basis of V Wv , leaving I^^ v (f v ,ip v ) 
unchanged. 

6.2. The distribution Ja, v (fv,ipv)- We can apply the above argument 
also to Jjf (/', tpy)- Similarly we have: 

Proposition 6.4. Let S be as in Theorem 5.5. When f = ®f' v where f' v is 
a Hecke function if v S: 

(6.6) Mf'A D ) = K(S,0| 2 II J *M'v^v) UK^v) 

veS vgs 

where 



(6.7) JtAf'v^v) = ^L2(* v (ti)<Pi, v )LD(<p jtV ) 

<Pj,v 

where the sum is taken over the orthonormal basis {<fj jV } ofV^ jV . 

Remark 6.5. Again one can show that the expression J^^ v (f' v ,il) D ) is well 
defined and independent of the linear form we choose. 

6.3. Statement of the local identity. 

Theorem 6.6. Fix a place v, when f v , f' v match, when ir v is a local compo- 
nent of an irreducible cuspidal automorphic representation tt of PGL2(A) 
with L(tt, 1/2) 7^ 0, let tt v = Q(tt v ,iJ} D ), then 

(6.8) JnAK^v) = \2D\ v e(7r v ,l/2)L(7r v ,l/2)I n , v (fv,A) 

The proof of this Theorem is quite technical. It is done in [B-M1],[B-M2]. 
In [B-Ml] we established the identity when v is nonarchimedean. In [B-M2], 
the identity is proved when v = R. In this case, the identity follows from the 
identities between classical Bessel functions. We established the Theorem 
in a bit more generality, as we do not assume ir v is a local component of an 
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automorphic representation. The proof of the Theorem stated as above is 
easier, as from Theorem 5.5, we have JnAfvi^v) = c (' K v,^'v)Iir,v(fv,''Pv) for 
some constant c(tt v ,tt v ) independent of /„ and f v . One then only needs to 
determine this constant. 



7. Proof of the main results 
We now prove the results stated in § 4. 

PROOF of Theorem 4.1: Let tt and tt = ttd be as in the Theorem. 
From Theorem 5.5 and Proposition 5.7, we see I n (f,ip) = J^(f',ip D ) when 
/ and /' match. Assume / = <8)/„ with /„ a Hecke function if v S, and 
/' = ®f v with f v = rfv(fv) when v S and f v matches /„ elsewhere. From 
Theorem 5.5 and Propositions 6.2 and 6.4, we get: 

(7.1) L( 7 r,l/2)K(S,^)| 2 n^(/„V',) = K(5,^' D )| 2 n J*Afv,*v)- 

veS veS 

From Theorem 6.6, we get: 

(7.2) H Jn, v (fv^v) = II \2D\ v e(ir v ,l/2)L(ir v ,l/2)I^ v (f v ^ v ). 

ves ves 

Combine the above two equations, we get: 

L(tt, 1/2)K(5, iP)\ 2 = \ck(S, V> D )| 2 J] \2D\ v e(ir v , 1/2)L(tt„, 1/2). 

ves 

As \2D\ V = 1 for v S, we get ]J veS \2D\ V = 1. As e(vr, 1/2) = 1 and for 
v $l S, e(TT v , 1/2) = 1, we get YiveS e ( 7T v, 1/2) = 1. Thus we get the identity 
(4.1). □ 

PROOF of Theorem 4.2: First assume D £ F t0 (Tr). Let So be a finite 
set of places, such that \D\ V = 1 when v Sp. Let Si = SuStj, S2 = Si — S. 
Let tt = S^(tt) be as in the Theorem and tt d = Q(tt ® XD,ip D )- Then by 
Theorem 3.2, we have tt d = tt or 0. 

When vr 15 = 0, L(tt ® xr>, 1/2) = from Theorem 3.2. Meanwhile 
from Propsition 30 of [Wl], tt does not have a tp D — Whittaker model and 
d^(S,if) D ) = by definition. The Theorem holds in this case. 

Now assume tt d = tt. From Theorem 3.1, for v S, tt v = Q(iT v ,ijj v ) is 
unramified, thus tt v is unramified (see Proposition 4 in [W3]). As tt v xd 
is unramified for v Si, we can apply Theorem 4.1 to get: 

(7.3) \d^ XD {SiM 2 L Sl ^®XDM2) = \d*{Si^ D )\ 2 . 

We will take a vector (p in the space of tt so that (p = ®(p v with ip v = 0o :V 
when v S. Using the equation (2.10), we get: 

*<^ D > - II Mr, = Ms,*°) II 
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That is 

(7.4) Ic^Ol 2 = \d*{S^ D )\ 2 J] e(ipo, v ,^). 

v£S 2 

Lemma 7.1. 

(7.5) d^ XD (Si,ip) = d 7T (Si,ip). 

Proof. The space V n ^, XD consists of the automorphic forms <p(g)xD(det(g)) 
where (p G Locally we will use the Whittaker model for ir v , that is, 
consists of functions ip v on G satisfying ip v (n(x)g) = ip v (x)(p v (g) with 
G acting through right translation. Then L v : <p v i— > <£>„(e) is a Whittaker 
functional. The space of ^PvXD(g) with 99^ G K-,i> is the Whittaker model of 
tt« (8> Xd, with L'j, : (p v XD ► ¥>i>(e) being a Whittaker functional. 

Take (/? = <8>tjeSi¥>i; <8t v gSi ¥>o,u hi K- with 920,1; being unramified vector 
such that L v (<p 0>v ) = 1. Then = <8WSi <AjXd Vo,dXd is in K- (g , XD 

with <po,vXD being unramified vector such that L' v (<po jV xd) = 1- Clearly 
Lv{fv) = L>' v ((p v XD) and ||</?«|| = H^dX-dII f°r a ll v £ Si- From (2.1) and 
(2.4), we see W ip (e) = W v>XD (e) and \\ip\\ = \\<p v \\- Thus from the explicit 
formula (2.7), we get the identity (7.5). □ 

As ir v is unramified for v G" S, as in (7.4) we have 

(7.6) \MS1M 2 = K(s,y>)| 2 II e (<Po,vM- 

ves 2 

From equations (7.3), (7.4), (7.6) and the Lemma, we get: 

(7.7) \d n (S,n 2 L S H*® XD ,l/2) = \d,(S,^ D )\ 2 II e f°' V, ^l 

For v G S2, ir v is unramified and unitary, tt v = @{tt v ,i^ v ), the quotient 
e(y>o' 1 "^' ) * S Si ven i n Propositions 8.1 and 8.2; it equals (\D\ v L(it v (%) X d, 1/2)) -1 . 
(This is the only place we use the fact that D is a square free integer). As 
S! = SU S 2 , we get from (7.7): 

\d n (S 1 iP)\ 2 L s (TT®XD,l/2) = \d*(S^ D )\ 2 [J IDI" 1 . 

Since D is in F* and = 1 when D g" Si, n^eS! \D\ V = 1; thus 

EUs 2 W = EUs 1^1- We get (4.5). 

Now assume D is such that D g" F £0 (ir). Then for some »gE, i^r) 7^ 
e o,uj thus 0(71^, 

®Xd,iPv) k v , and by Theorem 3.1, n v does not have a 
nontrivial ^ -Whittaker functional. Therefore tt does not have a nontrivial 
V> D -Whittaker model, and d*(S, ip D ) = 0. □ 

Proof of Theorem 4.3: When TLe£ e « / e ( 7r >l/ 2 ) ) we get for D € 
F e (-7r), e(7r (8) %£>) = —1, thus L(7r 1/2) = 0. In this case, tt 6 is zero 
dimensional, and by definition d^(S,tp D ) = 0. When YlveT, e v = e ( 7r ' l/2)> 
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by Theorem 3.2, tt = S^(Tt e ). Thus the Theorem follows from equation (4.5). 

□ 

PROOF of Corollary 4.7: Let tt = S^(tt) as in Theorem 3.2. We note 
that e(D,7r) = e(D',ir). Assume tt = 7r e ° for some eo- When e(D,ir) / eo, 
from Theorem 4.2, dk(S U S DjD ',ip D ) = ck(S U S D:D ,,ip D ') = 0. When 
e(Z?,7r) = eo, we follow the first part of the proof of Theorem 4.2, replacing 
Si by S U Sd,d' in the argument. We get (see (7.3)): 

\d mxD (S U S D>D ,, ^)\ 2 L SuS ^'(tt X D, 1/2) = |d* (S U S D>D ,, V> D )| 2 , 



\d^ XDl (SUS DiD/ ^)\ 2 L SuS ^'(7T^ X D',l/2) = \d % {SUS D ^^ D ')\ 2 . 

The equation (4.9) follows from the fact that xd' = Xd and Lemma 7.1. 
(The equation can also be established directly as in the proof of Lemma 2.3). 

□ 

PROOF of Theorem 4.10: First note that for D a square free integer, 
for any fixed finite set of places S, the value of n^es-s^ \D\v hes in a 
finite set of positive numbers. Thus we can disregard this quantity in our 
computation below. 

Assume (4.12) holds for some a > 0. Given any tt irreducible cuspidal 
representation of PGL2(A), we prove (4.13). Let D be a square free integer, 
by Theorem 4.3, there is a finite set S of places, such that equation (4.6) 
holds for some TT e . We may as well assume that L(tt <g) xd, 1/2) / 0. Then 
d^(S,i() D ) / 0, and we can find (p = % v ^s^Pv ®vgs V?o,i> £ with WP(e) / 
0. Recall 

(7.8) \d^(S,^ D )\ = \d^,S 00 ^ D )\ II TTwh- 

For a given v, the value of -Jjj^ does depend on D (as it depends on 
We put the dependence on D in the notation and denote the value as 

\\<Pv\\d 



\L?(Vv)\' 



Lemma 7.2. For a fixed v £ S — Soo and fixed (p v , there are only finitely 
many possible values of [j°j D . 

Proof. As \D\ V = 1 or \D\ V = the value of D lies in finitely many cosets 
of (CV) 2 . Write D = D a 2 with a G O v * , then we can let L° 5i {(p v ) = 
L^° Si (iT v (a)ip v ) where 5{ are representatives of square classes of F*. Then 
from (2.9), we get \\<p v \\d = \\<Pv\\d - Meanwhile L®((p v ) = (Tr v (a)ip v ). 
As tt v is admissible, the set of {Tt v (a)ip v \a G O v *} is finite. There are only 
finitely many possible values of L^((p v ) when D = D^a 2 . Thus ony finitely 
many possible values of the quotient jj^^y- ^ 
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From the Lemma, there is a positive constant c{(p) depending only on <p, 
with 

J- Soo 1^)1 
From (7.8) and (4.12), we get: 

\d^(S,^ D )\ «n^,a\D\ a s - 1/2 . 

Using (4.6), we get: 

L(tt® X D,1/2) «n*,$, a \D\ 2 s l. 

As the set of 7r e is finite and determined by tt, we get the inequality (4.13) 
for = 2a. 

Conversely, assume the inequality (4.13) holds for some (5 = 2a > 0, 
take any tt G Aqq and (p G V%, we prove (4.12). We may as well assume 
<p = ®vgs ¥>o,t;j where S is a large enough finite set of places. Let 

tt = S^{tt). From (4.7) and our assumption, we get 

1^(5,^)1 « ff , a |I>|^ 1/2 . 
Using the equation (7.8) we get: 

\ d ^s^ D )\ n M^<<^\ D \rj /2 - 

veS-Soo \ L v VPv)\ 
From Lemma 7.2, we see there is a constant d{0) > such that 

TT _\\&\\D_ >( ,@ ) 

for all D. We get 

\<k{<P, Soo, V' D )I «tp,ir,a \D\ a s ~J /2 . 

As tt is determined by tt, the implied constant only depends on a and tt. 
□ 



8. Local factors: some examples 

In this section, we compute the local factors e(ip v ,ip) and e(tp v ,ip D ) in 
equation (4.4) for some specific choices of the vectors ip v and (p v . The com- 
putation here is standard and fairly easy. The result has already been used 
in the proof of Theorem 4.2. It is also used when we translate our formula 
into more explicit results about cusp forms, (see the proof of Theorem 10.1). 

In subsections 8.1-8.3, we assume v is a nonarchimedean place, with odd 
residue characteristic. For simplicity, we will assume ip v has order 0, (and 
denote it simply by if)), and D is either a unit or generates the prime ideal 
in O v at nonarchimedean places v. 

The cases we consider are the following: 
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1. When ir v is an unramified unitary representation of G(F V ) where v is 
an odd non-archimedean place. Then tt^ = ®{ir v ,ij)) for all D G F* and is 
an unramified unitary representation of G'(F V ). We take (p v and <p v to be 
the unramified vectors in V W)V and V^^ respectively. 

2. When ir v is a holomorphic discrete series representation of G(R). 
Then by Theorem 3.1 tt® is either a holomorphic discrete series or an anti- 
holomorphic discrete series representation of G'(R). We will only consider 
the case when n v is the corresponding holomorphic discrete series. We take 
(p v and ip v to be the minimal weight vectors in V^ jt , and V^ >v respectively. 

3. When ir v is a special representation of G{F V ) where v is a non- 
archimedean place. Then by Theorem 3.1 tt® could be either 7r+ or jt~ . 

is a special representation of G'{F V ) while tt~ is a supercuspidal repre- 
sentation. We consider both cases. The vectors ip v and (p v will be described 
in subsection 8.3. 

When we look at the cuspidal representations corresponding to the in- 
tegral weight forms of level N and half integral weight forms of level AN 
with N being square free, the local components at infinite places and odd 
non-archimedean places are of the form tt v and n v considered above. The 
situation at the even place is more subtle and will be considered in the next 
section. 

8.1. Some principal series at nonarchimedean places. Let tt v = 7r(/z, fi -1 ] 
be a unitary representation with fi(x) = \x\y, is 6 R. Let n v = Q(n v ,ip), 
it is Tr(fj,,ip) by Proposition 4 of [W3]. Note that Tr(fji,ip) is unramified. We 
will let (p v be <po !V the unramified vector in V^ ;V , and let ip v be ipo >v the 
unramified vector in Vx >v . Then (p v and ip v are respectively SL>2(O v ) and 
G(O v ) invariant functions in jr((i,ip) and ir(fi, fi^ 1 ). 

Proposition 8.1. With above choices, 

1 + q- 1 




l \^\ 1 1 ; -i/2-s — r^T2 when \D\ V = 1, 
^ jiqp^s^rp when \D\ V = q' 1 . 



Therefore = \D\ v L(n v XD , 1/2). 

Proof. We will use the Whittaker functional on V^ jt; : 

(8.1) L v (<p v ) = J <f> v (wn(x))ip(-x)dx, <j> v € V njV 

The formula for spherical Whittaker function is well known, see [Ca-Sl]. 
The formula for our case is available in [Go]. We have L v (tv v (cl)<p v ) = if 
\a\ v > 1; it equals 

_ m/2 t (1 - q-^)(l - q~^>) 
Q ' V W _ (p v {e) 



X. 



CENTRAL VALUE 25 

if \a\ v = q~ m with m > 0. It is easy to show from (2.5) that ||^„|| 2 equals 
(8.2) 

i — 2s— 1 00 

I ~_ g za I 2 !^(e)| 2 £ " 9- 1 )!! - r 2 ^! 2 = (1 + ?- 1 )|^(e)| 2 , 

9 m=0 

and thus the result on e((p v ,ip). 

To compute e(ip v ,ip D ), we use the Whittaker functional 

(8.3) Lf(<£) = j (f){w ■ h{x))^ D {-x)dx 

The formula for spherical Whittaker functions on the metaplectic groups 
is given in [Bu-F-H]. In our case it is an easy exercise to show when 
\D\ V = 1, L*>(ipo )V ) = <fo, v (e)(l + q~ 1/2 ~ s XD(^)); when \D\ V = q' 1 , it 
equals ip 0iV (e)(l - q^ 1 ^ 23 ). 

The Hermitian form on V i)V takes the form ([B-Ml] (9.19)): 

(8.4) = l l 2 l ^H^)L^W)\ S i\v^-- 

The above form in turn equals: ([B-Ml] (9.18)) 

(8.5) J ID^^w ■ h{x))(f)'(w ■ fi(x))d: 

Use the second formula for Hermitian form to compute ||(^o,i;|| 2 - From Iwa- 
sawa decomposition we get 

(8.6) \\<Po,v\\ 2 = [ \^ v (e)\ 2 dx+ [ \x\- 2 \(p Q , v {e)\ 2 dx\ 

J\X\ V <1 J\X\ V >1 

which gives 

\\<P0,v\\ 2 = 101^(1 +q- 1 )\<p , v {e)\ 2 
This gives the result on e(ipo yV ,ip D ). The result on the quotient 
follows from the table on L— functions in [Go]. □ 

8.2. Complementary series at nonarchimedean places. Let tt v be as 

in subsection 8.1, except that now fi(x) = \x\f,Xr(x) with r a unit in O v , 
and \s\ < 1/2, s £ R. Let tx v = Q(ir v ,ip). Then as before tt v = tt(p, ip) = 
7r(||*,^ T ). We will choose the vectors <p v and <p v as in subsection 8.1. 

Proposition 8.2. With above choices, 
<W) = {1 - q -2s-i ){1 _ fs-iy 

( inl- 1 inhpT) \ T)\ — 1 

e ((p v ^ D ) = J ' lv (i+9- 1/2 - s x f r(^))(i+? s - 1 /2 XDr ( ro )) wnen\u\ v -i, 

1 {Dlv 1 {1 - q 2s-L^ 1 _ q -L--2s ) when \D\ V = q- 1 . 

Therefore = \D\ v L(n v X d, 1/2). 



26 EHUD MOSHE BARUCH AND ZHENGYU MAO 

Proof. Retain the notations in the proof of Proposition 8.1. The formula for 
L v (-7r v (a)ip v ) still holds. From (8.2), one gets 

2 (l- g -l-2.)2 (1 + g -l) 

\\<Pv\\ = 1 _ g2s _! ■ 

Thus we have the formula for e(<p v ,ip). 

The formula for L^((po jV ) in the proof of Proposition 8.1 remains valid. 
The Hermitian form however takes a more complicated form. If z = A 2 5, 
let 

X(z) = \^\- 2s -\l- q - 2s )-\l- q - l )+ q s - l l 2 X5T {™)\, if \S\)v = l; 

= \A\~ 2s - 2 q[(l - q- 2 THl ~ Q 2S ~% if = Q- 1 - 

Then \(z) = \z\l~ 1 A(ip,T,v)(z) where A(ip,T,v)(z) is defined in [B-Ml] 
Proposition 9.8. From equation (9.22) of [B-Ml], the Hermitian form is: 

(8.7) (0,0') = E 1/2 / L^(Ug)<t>)L? 5i (UgdV)^^- 

From equation (9.21) of [B-Ml], we see this form can also be written as: 



(8.8) (0, <j>') = X(D)- 1 J A<f>(w ■ n{x))(j)'{w ■ n(x))dx. 

where 

Mig) = J 4>{w ■ n(y) ■ g)dy 

Then A<po >v is the unique vector in the space of 7f(/x _1 X-i, YO fixed under 
SL,2(O v ), with A(po )V {e) = <Po,v{e)- Using the Iwasawa decomposi- 



tion, we see 



M\ 2 = (1 + q-^HD)- 1 \ |^(e)| 2 . 



This gives the formula for e(<po )V ,ip D ). The result on the quotient g ^"'^- ) 
follows from the table on L— functions in [Go]. □ 

8.3. Special representations. 

8.3.1. Description of 7f+ and tt~ . Let fi T (x) = \x\1^ 2 Xt{x), where r is in 
F*. Let a T = a(fi T ,fi~ 1 ) be the special representation associated to the 
character \i T . We will only consider the case when \t\ v = 1. The space of 
a T is the subspace of ir{n T ,n~ l ) consisting of functions 4> with 

(8.9) J (p(wn{x))dx = 

From Theorem 3.1, the set {©(<rj <8> XD,^ )} consists of two elements. 
These two elements are described in [W3]. When Dt is not a square, 
@( a l ® Xd^ D ) = ^ + is the special representation a T (ip). The space of 
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this representation is the subspace of 7t(fj, T ,ip) consisting of functions 4> sat- 
isfying 

(8.10) Ll A2 ((/)) = J <f>(w- n{x))^{-T& 2 x)dx = 0, for all A. 

On the other hand, when Dt is a square, 0(<rJ <8> xd,4> D ) = 7r~ is a super- 
cuspidal representation of G'(F V ). More precisely, it is the odd component 
of the Weil representation, denoted r^ T . The space of r^ T is the subspace 
of odd functions of C™(F V ), with the action being: for $(z) G C%°(F V ), 
= -H-z), 



(8.11) r^(n(x))$(z)=^(xz 2 )cl»(z), 



(8.12) r" (a)$(z) = |a|J/ 2 7 (l, VVlifl, ^ T )*(as), 



(8.13) r~ r (w)$(z) = 7 (1, ^ T ) 2 /7(-l, V< T ) | f (y)^ T (-2^)dy. 

8.3.2. XTie case of 7f+. When tD is not a square, 6(<rJ <8> Xd,4> D ) is the 
special representation = a T (ip). 

Define the Iwahori subgroup iio C G{O v ) as the group consisting of ma- 
trices ( ^ ^ ^ with |a|„ = |c/|„ = 1, \c\ v < 1, \b\ v < 1. Recall in the intro- 
duction wg d6fined cin eiiibedding of SL^i^v 

) in G' given by 5 1— > (g, n(g)). 
Let .K"q be the image in G' of the restriction of the splitting to Kq n SX 2 . 

Denote by char(G(0,,)) and Denote by char(Ko) the characteristic func- 
tions if G(O v ) and Kq respectively. Denote by char(G'(O t) )) a function on 
G' with chax(G'(O v ))((g,£)) equals if g SL 2 (O v ), and equals oth- 
erwise. Let char(ifg)(<7, £) be the genuine function on G' that is if g Kq, 
and equals char(G'(C>„))(<7, £) if 5 G -Ko- 

Lemma 8.3. Zei ^ 6e a function in ir(fi T , /U^ 1 ) suc/t £/iai ?i equals char(G(O v )) — 
(q + l)c/iar(ifo) ouer G(O v ), then ip v is in V a T jV and is fixed under Kq. 

Let (p v be a function in ir(fj, T ,ip) such that it equals char(G' (O v )) — (q + 
l)char(K' ) over G' (O v ), then <p v lies in the space ofa T (tp) and is fixed under 

The spaces of Kq fixed vectors in a T and K' fixed vectors in a T (tp) are 
one dimensional. 

Proof. We can consider the vectors in n(fj, T , /U" 1 ) and n(fj, T ,ip) as functions 
on G(O v ) and SL 2 {O v ) respectively. Since B\G/K and B n G'\G'/K' Q 
both have two elements, the space of vectors in tt(/j, t , fi^ 1 ) fixed by Kq is 
two dimensional, with basis {char(G(C„)), char(Xo)}; the space of vectors in 
7r(// T , ip) fixed by K' is two dimensional, with basis {char(G / (O t) )), char(i^Q)}. 

When 0i is the vector corresponding to char(G(0„)), the integral J 4>\(wn{x))dx 
equals 1 + q^ 1 . When 4>2 is the vector corresponding to char(G(Ko)), the 
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integral J 4>2{wn{x))dx equals q~ l . Thus ip v satisfies the condition (8.9) and 
generates the one dimensional space fixed by Kq in a T . 

Next we compute L*{(p v ) with z £ F*. Let <j)\ be the vector corresponding 
to ch&r(G' (O v )), then from (8.3) and the Iwasawa decomposition, we get 

„ oo „ 

K(<f>i)= ip(-zx)dx+^2 l(x,i!)\x\y 3/2 Xr(x)[-l,x]ip(-zx)dx. 

J\x\ v <l r=1 J\x\ v =q r 

When \x\ v = q r with r even, with our assumption on r being a unit, 

l{x,^)Xr{x)[-l,x\ = 1. 
When \x\ v = q r with r odd, 

l(x,ip)Xr(x)[-l,x] =j(x,ip)[T,w\. 
It is a simple calculation to get the following result: write z = 5A 2 with 

when |A|„ > 1, 

1 + q- 1 + lAl^g-^r^tu] - q' 1 ) when \5\ v = 1, |A|„ < 1, 
q- 1 - lAl^g- 1 + q' 2 ) when |<$|„ = g" 1 , |AL < 1. 

Let 4>' 2 be the vector corresponding to char(ii"Q). Then 
L z M-&)= [ ^(-zx)dx. 

J\x\ v <l 

We get 

when \A\ V > 1, 

Li** (<t>'i) = { q- 1 + \A\ v {q- 1 [T5,w]-q- 1 ) when \5\ v = 1, |A| W < 1, 

k q- 1 - \AUq- 1 + q~ 2 ) when \S\ V = q' 1 , \A\ V < 1. 

The formula for L*(<p v ) is 
(8.14) 

when |A|„ > 1, 

2|A|„ when | <5|^j = 1, |A|„ < 1,<5t is not a square, 

when \S\ V = 1, | A|„ < 1, St is a square, 

|A|„(g _1 + l) when |<S|„ =g" 1 ,|A|„ < 1. 




L S v A '(<Pv) 



It is now clear that L%(<p v ) satisfies the condition (8.10). The vector <p v gen- 
erates the space of K' fixed vectors in a T (ip) which from the above formulas 
is clearly one dimensional. □ 

Proposition 8.4. Assume Dt is not a square. Let ip v and <p v be the vectors 
in Lemma 8.3. Then 

e((p v ,ip) = 



l + q- 1 ' 

f ~ ,D\ / I/ 2 when\D\ v = l, 

e({Pv ^ > ~ Xq/il + q- 1 ) when \D\ V = q- 1 . 
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Therefore 

e{<Pv,4>) _ J 2L(n v <g> xd, l/2)\D\ v when \D\ V = 1, 



-i 



e((p v ,il) D ) \ L(tt v <g> xd, 1/2)|D|„ w/iera |D| 

Proof. We can use the Iwasawa decomposition to compute L„(<7 T (a)</?„) 
where L„ is defined as in (8.1). We will skip the details. One gets 



L v (a T (a)(p v ) 



when \a\ v > 1, 

(1 + q~ 1 )\a\ v Xr{a) when \a\ v < 1. 



Thus Hv^ll 2 = (1 + 9 1 ) from (2.5) and we get the value of e(ip v ,ip). 

Assume \D\ V = 1. From (8.14) = 2. To find || <p v \\, we use the 

Hermitian form (9.23) in [B-Ml]: 

(8.15) (4>A')= £ Q,/2 f LfoidtiW&tempr 

where a = a T (ip) and q, = 1 when b = D, and q, = 2g _1 /(l + c/ _1 ) when 
6 = Dw,tw. Using this formula, the formula (8.14) for L%{fp) and the fact 
that 

\l\{a{^(p)\ = \a\l' 2 \Li b (0)\, 

we get 



da 



•/|a| v <l l«k + J|a|„<l \ a \v 

Thus we get the formula for e((p v ,if) D ) when \D\ V = 1 

When \D\ V = q -1 ,. from (8.14) L®{(p v ) = 1 + q" 1 . The computation of 
| \<p v \ | goes (2.9) the Hermitian form changes from (8.15) to 



E 

b=D,Dr,8 



i/2 ! Ll(a(g)cf>)LUHgW)-^- 

J \ a \v 



where 5 is a unit in O v such that <5r is not a square. Here c' D = c' Dt = 1 and 
c' s = ^g-i ■ We get \\<p v \\ = (1 + q~ 1 )/q~ 1 and the formula for e(if v ,tp D )- 

The claim on the quotient follows from the following formulas for L— values 
(see [Go]). When \D\ V = 1 with tD not a unit, L(n v (g)XD, 1/2) = L(<j tD , 1/2) 
(1 + g" 1 )" 1 . When \D\ V = q~\ L(ir v ® X d, 1/2) = £(<r rD , 1/2) = 1. □ 

8.3.3. The case of tt^ . When tD is a square, 0(o"J <8) xd,4> D ) is the super- 
cuspidal representation 7r~ = r^ T . Recall by our assumption r and Z) are 
both units in O v . We will let ip v to be the vector defined in Lemma 8.3. 
Next we describe a vector <p v in the space of r^ T . 

Let Kqq be the subgroup of Kq consisting of matrices ( ° ^ J with 



= \d\ v = 1 , | < g _1 ,|6|u < 1. Let Kqo be the image of Kqq n SX2 
embedded in G'. Then K' 00 = {(a,K,(a))\a G -Koo}- Let x be an Y °dd 
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character of O* that is trivial on 1 + P, (%(— 1) = —1), then \ defines a 
character on Kq by: 

x(a,K(a)) ^ x(d), a = (^^ ^ G K 00 . 

Let char(X) denote the characteristic function of a subset X in F v . 

Proposition 8.5. The space of vectors <E> in r^ T satisfying r^ T (k)& = 
x(k)&, k G K' 00 is one dimenisonal. It is generated by the element 

$ xW= E X~\b)char{b + P){z). 
beot/i+p 

Proof. Let $ be a vector satisfying the relation in the Proposition. With 
our assumptions on ip, r and the place v, the equation (8.12) gives 

r- r (i)$(l) = <&(*) = x^" 1 )^), z G O;. 

Thus $ = $ - <3?(l)$ x vanishes over the set O*. Next if z O v , from 
(8.11), for x G O w : 

r~ T (n(x))$(z) = V(rzx 2 )<I>(2:) = $(z), 

thus 3>(z) = 0. We get $o is supported on P. 

We now show <3? x satisfies the relation in the Proposition. 

Lemma 8.6. For z G F v , x G O v , 

(8.16) r~ T (( x ^ 2 x ) , l) C ^r(z + P) = c/*ar(z + P). 

Proof. We use the fact that 

~ ^ 1^—1/)./' — p 1^\.n f — ttt'^ 

XCc7 1 



2 i ,1) = w • (— e, 1) • n(— xw ) ■ w. 



From (8.11), (8.12) and (8.13) the left hand side of (8.16) is 

r^ T (^ J^ 2 i ^ ,l)chax(z+P)(a) = J J char(z+P)(u)ip T (xy 2 zu 2 +2uy-2ay)dudy. 

The integral over u is nonzero only when y G P^ 1 , in which case ip T (xy 2 w 2 ) = 
1 and from the Fourier inversion formula, the above integral just equals 
char(z + P)(a). □ 

It is easy to check using (8.11) and (8.12) that r^ T (k))§ x = %(A;)$ X when 
k G K' 0Q n B. From the above Lemma we get for x G O v , 

r ^(xi 2 l)' 1 ) $ x = ^x- 

Since these group K' 00 is generated by the elements in K' 00 DB and { ( ^ ^ ^ i 1) \ x G 

we see 4> x satisfies the relation in the Proposition. 
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Thus $0 = $ ~ < ^(l) ( ^x satisfies the relation in the Proposition and is 
supported over P. To finish the proof, we need to show such a function is 
identically 0. From the proof of Lemma 8.6, we get: 



/ 



V((^2 1 ) , l)*o(o) = *o(a) 



= / / / &o(u)ip T (xy 2 m 2 + 2uy — 2ay)dudydx. 

JxeO v J J 

For the integration over x to be nonzero, y £ P _1 , in which case $>o(u)Tp T (2uy) 
&o(u). Thus the above integral equals 



<J>o(w)V' r ( — 2ay)dudydx 

xeO v JyeP- 1 

which equals a constant times char(P). Thus for a £ P, 3>o( a ) = ^o(O). 
Since $o is an odd function, $o vanishes over P, thus vanishes identically. 

□ 

The representation r^ T is a distinguished representation, in the sense that 

it only has nontrivial Whittaker functionals for with 5 in the same square 
class as r. Assume D = ra 2 , we can define L® by setting 

L° (<&) = *(a). 
Then the Hermitian form is just: 

(*i,* 2 ) = 1/2 / L?(r^(o)*i)L?(r^(a)*i)^ . 

Clearly L^($ x ) = xtO and by (8.12), 

|L D (r- D (^)$ x )| = |a|y 2 |$ x (a«)| 
which equals 1 when |a|„ = 1 and otherwise. Thus 

ll*xl| 2 = l/2/ ^f = (l-^)/2. 

•/|a|„=l l«k 

Thus e($ x ,i) D ) = (1 - g _1 )/2. Note that from [Go] 

L(n v ® X D, 1/2) = L(a TD , 1/2) = L(<t\ 1/2) = (1 - g" 1 )" 1 . 
We have 

Proposition 8.7. Xei y>„ be a vector in ir v = a T given by Lemma 8.3. Let 
(p v be <£ x as in Proposition 8.5. Then e(tp v ,ip) = (1 + q~ 1 )~ 1 , e(ip v ,ip D ) = 
(1 - and = 2(1 + q^L^ ® X D, 1/2). 
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8.4. Holomorphic discrete series. Let F v = R. Let tt v be the discrete 
series cr(/x,)U _1 ) ([W3]) where fi(x) = |x| s / 2 (sgn x)( s+1 ^ 2 , k = being a 
positive integer. Then according to Theorem 3.1, @(tt (8> XD,ip D ) can be 
one of the following two representations: = = 0(7r t) ,Y>) and tt~ = 
@(ir v (g) sgn, V' -1 )- We note in this case ir v = ir v <8> sgn . 

We now assume -i^(x) = e 2mnx with n a positive integer. Then tt v is a 
holomorphic discrete series <r(/z) while tt~ = a(ji sgn) is an antiholomorphic 
discrete series, ([W3]). 

Let ip v and (p v be a vector of minimal weight in V WtV and V5f jt) respectively. 
These vectors are determined up to a scalar. We have: 

Proposition 8.8. Let D be a positive integer. With the above notations: 

e(ip v ,i/j) = e 47rn (4irn)- 2k T(2k) 

e(^,V> D ) = 2e 4 ™ D (47mZ))-( 1 / 2+ %(l/2 + A;) 

Therefore ^f D) = ^e 4 ^ 1 '^ D^+^-^'^k - 1)!. 

Proof. From [Go], we see the Whittaker model for (p v has the form: 

aa k e -2nna a> ft 



L v (7r v (a)ip v ) 



a < 



where a is some nonzero constant which we may as well fix to be 1. With 
this model, we get from (2.5) 

II, „ l|2 / „2fc„— 47rna j*„ 

1 1 1 1 = / a e a a 

Ja>0 

which equals (47m) - ( 2fc )r(2&:). This gives the result for e(<p v ,ip). 

From [Wl] p. 24, we see the Whittaker model for (p v with respect to ip D 
has the form: 

L%(it v (a)<p v ) = auj{sgn{a))\a\ l l 2+k e~ 2miDa2 

where lo is the central character of cr((i). We will again let a = 1. Since in 
this case, n v is distinguished, i.e., the Whittaker functional for tp z is always 
trivial when z < 0, the Hermitian form in (2.9) simplifies to: 



L^(7r w ( i )^)L?(7f t ,(g)^)d*a 

Apply the formula to compute 1 1 <p v \ | , we find that 

| \<p v \ | 2 = 2(47m J D)-( 1 / 2+fc )r(l/2 + k). 

The result for e(ip v ,if) D ) follows. The assertion on the quotient follows from 
the formula (k an integer): 

T{2k) = ^ 1/2 2 2fc - 1 r(A:)r(A: + 1/2), F(k) = (k - 1)!. 

□ 
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9. Cusp forms over Q 

We will apply the results in § 4 to the case of holomorphic cusp forms 
over Q. Fix the additive character ip as follows: if x € M, ip(x) = e 2mx ; at 
a rational prime p, if x € Q p , choose x £ Q so that |x — x| p < 1, and set 
ip(x) = e~ 2mx . Denote by 7(2) the number ^f(x,ip). We denote by \D\ V the 
metric at a place v, and \D\ the absolute value of D which equals |D|oo- 

We first recall the correspondence between the cusp forms and automor- 
phic representations. Our reference is [W2] section III. The main result in 
this section is the choise of a one dimensional subspace in a two dimensional 
subspace of V% 2 . This choice is closely related to the definition of the Kohnen 
space of half-integral weight forms. 



9.1. The dictionary: integral weight form. Let Tq{N) = { 



a b 
c d 



SL,2{Ij)\c = 0(N)}. Let S2k(N) be the space of cusp form of weight 2k on 
Tq(N) (of level N), and with trivial character. Assume from now on that N 
is odd and square free. Let / 6 S2k(N) be a newform. Then / determines 
a vector in the space of automorphic forms on GZ^Aq) by / i— > ip = s(f). 

The map s(f) is defined as follows. For goo = ^ ^ ^ ^ € Gi^M), let 

/i*.w = /(=T5)(«+'0-" 

Consider goo as an element (g^, e, e, . . .) in GL 2 (Aq), then ^(goo) = /| ao o(*)> 
and 99(75/0) = <p(g) whenever 7 G GL 2 (Q)^(Aq), and k £ ]] p ^ GL 2 (O p ) Y[ p \ N 

Then <p is a vector in the space of an irreducible cuspidal representation 
7T of GL2(Aq), with trivial central character. The representation ir = ®tt v , 
and (p = ® v <p v can be described as follows: 

(9.1.1) . When v — 00, tt v is the discrete series c(/ioo) 

H^) as in subsec- 
tion 8.4, with fioo(x) = \x\v 1 ^ 2 (sgn x) k . The vector p^ is a minimal weight 
vector. 

(9.1.2) . When v is p— adic, p not dividing N, then 717 = ir(p, v , p,' 1 ) with 
/it, an unramified character, and <p v is an unramified vector. 

(9.1.3) . When v is p— adic, p|/V, then 7r„ is a special representation cr^ as 
in subsection 8.3, where t v is a unit in Z p . Then <^ is the vector described 
in Lemma 8.3. 

Conversely, given an irreducible cuspidal automorphic representation ir = 
®ir v with local components as described in (9.1.1)-(9.1.3), pick tp as above 
(which is unique up to scalar multiple), then ip is a scalar multiple of s(f) 
for some newform / in S , 2fc(iV). 

If f( z ) = Y,n=i a(n)e 27rinz , then a(l) = e 27r W s(f) (e). As we assume a(l) = 
1, for 99 = *(/), WUe) = e~ 2 -. 



9.2. Dictionary: half integral weight form. Assume now that k is a 
nonnegative integer. Let N be a positive odd integer. Let x De a Dirichlet 
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character mod AN such that x(~ 1) = 1- Assume AN = Y1 p \4nP V ^' then 
(Z/4iV)* 9* U p \n( z /p v{p) T^ and X can be decomposed into a product of 
characters X( P ) of (Z/p v ^)* under this isomorphism. We can trivially extend 
X( p ) to a character of Z* 

Let S' k+1 , 2 (4N, x) be the space of holomorphic cusp forms of weight k + 
1/2, level AN and character The functions in the space satisfies: [W2] 

(9-1) <?(^) = 3(°, z? k+1 x(d)g{z), a=^ a c jj ) € SL 2 (Z), AN\c. 



Here 



, oo 



-oo 



Let A' k+1 , 2 (AN, x) be the space generated by vectors (p = ® v (p v in the 

space of cuspidal automorphic forms on SL 2 (A) satisfying: 

(9.2.1) When v = oo, (p v is a minimal weight vector in the space of a 
holomorphic discrete series cr(/ioo) where Hoo(%) = |x| fc_1 / 2 (sgn x) k . 

(9.2.2) When v is p— adic, p not dividing 2iV, then </5 p is the unramified 
vector in the space of n(fj, v ,ip) where (i is an unramified character. 

(9.2.3) When v is p— adic, p ^ 2, and p|iV, then </5 p is a vector in the space 

of some tt p such that TT p (a, n{a))(p p = X(p)(d)<fv whenever a = ^ ^ ^ ^ € 

SL 2 (Z P ) with |c| p < |iV| p . 

(9.2.4) When v is p— adic with p = 2, <p 2 is a vector in the space of some 

7r 2 such that 7r 2 (cr, 1)<£ 2 = e2(c r )X(2)X-i(^) ( ^2 whenever a = ^ " ^ 
SL 2 (Z 2 ) with |c| 2 < |42V| 2 . Here 



7 i„\ _ / 7(0 [c, d] when c / 
1 j ~ I 7(0 _1 when c = 0. 



The Proposition 3 of [W2] establishes a bijection from S' k+1 ^ 2 (AN, x) to 
A' k+1 , 2 (AN,x)- The bijection is given by g(z) i— ► </5 = where i(g) is 
the unique function on SL 2 (A) that is continuous and left invariant under 
SX 2 (Q) and satisfies: 



t(g)( 



l/^y^-sinfl cos0,/' lj ~ y 6 9{x + yi), 

where y > 0, x £ R and — ir < 6 < n. 

The relation between the Whittaker functionals of t(g) and the Fourier 
coefficients of g(z) is given by follows: From Lemma 3 of [W2], we get when 

(9-2) c(n) = e 2 ™W t n (g) (e). 
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Remark on Petersson norm: If / is a cusp form of weight k G \7L on 
ome subgroup T of finite index in Ti = SL 2 (Z), we define as usual the norm 
of / to be 

<^^>=lTWTTl/rw l/(3)iy " <il '' i! ' 

where z = x + iy and ~H is the upper half plane. Then 
Lemma 9.1. For ip = s(f) and <p = t(g) as above: 

imi 2 m\ 2 



(9.3) 



</,/> <<?,<?>' 



Proof. It is well known that \\if\\ 2 =< f,f > and \\p\\ 2 =< g,g > when 
we use the following Haar measures d! on GL 2 and SL 2 instead of the 
one given in the introduction. When v is a nonarchimedean place, choose 
the measure d! on GL 2 so that G(O v ) has volume 1; choose the mea- 
sure d' on SL 2 so that SL 2 (O v ) has volume 1. When v is the infinite 

place, let k{6) = ( COS ®„ s * n ® J. From the Iwasawa decomposition 



— sm cos ( 

any g G GL^R) (the subgroup with positive determinant) can be writ- 
ten uniquely as g = z(c)n(x) f a \ k(0) with c € M.*,x G R, a > 

and < 9 < ir. Let d'^ = -^\a\~ 2 d*cd*adxd6 be the measure on GL^(IR) 
and thus on GL2QR). Similarly any 5 G 5L2(M) can be written uniquely 

as 5 = n(x) ^ ° a -i 1 fc (0) with x G R,a > and < 9 < 2ir. Let 

d'^ = 2 ^\a\~ 2 d*adxd6 be the measure on SX2(R). 

We now compare the measures dg and d'g on GL 2 and 5^2 respectively. 
When v is a nonarchimedean place for the rational prime p, we have dg = 
(1 +p~ 1 )d'g in both case GL 2 and 5L2- When u is archimedean, we note 
the measures a" defined on GL 2 and SL 2 induce the same quotient measure 
on Z(R)\GL 2 (R) = Z n S L 2 (R)\S L 2 (R) , and the measures d defined in the 
introduction also induce the same quotient measure. Thus our change of the 
measures is consistent and the equation (9.3) still holds. □ 

9.3. Ramanujuan conjecture. We show here that the conjecture (4.12) 
implies the conjecture (4.10). 

Let g{z) be as in (4.10). Then <p = t{g) is a linear combination of vectors 
in the space Aqq n A'(4N,x) for some N and x- We may as well assume 
g(z) correspond to a vector (p = t(g) in a subrepresentation tt of ^4oo- From 
(9.2), c(n) = e 2nn W?(e). From the definition, 

|WWe")| 

|djr(^Soo,^ n )| = l - 1 ^e(p 00 ,r) 1/2 - 
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From Proposition 8.8 

K^Soo,^)! =e- 2 ™| C (n)|[ie 47rn (47rn)-( 1 / 2 + fe )r(l/2 + fc)] 1 / 2 /||^||. 

Thus \dft(<p, S 00 ,ip n )\ = 5(if)\c(n)\n~ 1 ^~ k / 2 where 6(<p) is a positive constant 
depending only on (p. From (4.12), 

Thus we get \c(n)\ n*/ 2-1 ^ and (4.10). 

9.4. Choice of (pi. Let tt be a cuspidal representation such that the space of 
tt has nontrivial intersection with A' k+1 ^ 2 (4N, %). The condition (9.2.4) puts 
a restriction on TT2 (the component at place v = 2 of tt). The representation 
7T2 must be a subrepresentation of tt (fiX-i, YO where ^ is an unramified 
character of 7L\, and k! = k if X(2)( — 1) = 1 an d = fc+l if X(2)( — 1) = ~~ 1- 
The space of vectors in 7r(//X-'n satisfying (9.2.4) is then two dimensional. 
It is spanned by two vectors F[2, 1] and F[2, 2 2 ] ([W2] Proposition 12). We 
recall their definitions ([W2] p. 415, 427). They are the unique functions in 
the space of 7f(/xX-i>V') satisfying: 

F[2, l](w) = 1, F[2, 1](( * j j,l)=0,ce 2Z 2 . 

F[2,2 2 ](u>) = 0, F[2,2 2 ](( \ 1 ) , 1) = char(Z 2 )(2- 2 c). 

We make a choice of a vector (pi in the above two dimensional space. 
Define the linear combination 

(9.4) v3 2 = /x(2 2 ) 1 + ( ~ 1)fc V [2, 1] + F[2, 2 2 ]. 

The reason for this choice is explained by the following Proposition. Recall 
the definition of the Whittaker functional L z v by equation (8.3). 

Proposition 9.2. When {-if z = 2,3 mod 4, L z 2 (p 2 ) = 0. 

This is a direct consequence of the following computation of L?>(F[2, 1]) 
and L|(F[2,2 2 ]). 

Lemma 9.3. With above definitions, L|(F[2, 1]) = c/iar(Z 2 )(z) and 
' \z\ 2 > 1, 

fW2 2 2n_ (M(2 2 ) + ^(2 3 ))^^ ,€(-D fc ' + P 2 , 
2( 1 ' J j "I - M (2 2 )i±^ z e ((-i) fe ' +1 + P 2 ) U (2 + P 2 ), 

, (^(2 2 )-M2 4 ))i±^ (-l) fc 'f G (2 + J P 2 )U(-1 + P 2 ). 
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Proof. The claim for F[2, 1] is easy to verify. For F[2, 2 2 ], using the Iwasawa 
decomposition, we see: 

Ll{F[2,2 2 ])= [ ^M^^x-iixf^e^dx 

J\x\ 2 >22 

Consider the integral 

T(z,i)= [ ^x- l )\x\ 2 l ^x)x-i{x) k,+l e 2mzx dx 

J\x\ 2 =2 i 

Then 

oo 

(9.5) Lf(F[2,2 2 ]) = ^T(z,*). 

i=2 

If / = 2m is even, then a change of variable x i— > x2~ l gives T(z, i) = 
fi(2 l )T(2- l z,0). Over |x| 2 = 1, we have ([W2], p. 382) 

7(x) = 1/2(1 + + 
Define rj(i/,t) to be the Gauss sum: ([W2], p.382) 

f u{x)e~ 27Titu d*u 

J\u\ 2 =l 

Then 

T(2- , z,0) = (1 - 2- 1 )- 1 [^7/(x^ 1 +1 ,-2- I z) + 111^,-2-'^)]. 
Thus 

(9.6) T(z, 2m) = 2 / u(2 2m )[i y \(x*'i + \ -2' 2m z) + ^±^(x*i, -2~ 2 ^)]. 

If I = 2m + 1 is odd, then using the formula ; y(2~ 1 x) = X2(x)j(x) and make 
a change of variable x — ► 2~ 1 x, we get 

T(z, 2m + 1) = M (2) / /i(x- 1 )|x| 2 - 1 7(x)x2(x)x_i(x) fe ' +1 e 7r ^cZx 

J|x| 2 =2 2m 

which by above argument becomes: 
(9.7) 

T(*,2m+1) = 2^(2 2 ™+ 1 )[i^r ? ( X ^ 1 X2 ,-2- 2 - 1 z) + i±^r ? ( X fe „' lX2 ,-2- 2 « 

Note that Gauss sum 77(1/, t) vanish if the conductor of v is nonzero and not 
equal to —v(i), or if v is unramified and |t| 2 > 2. Observe that x-i is of 
conductor 2, and X2 is of conductor 3. Thus 



L Z 2 (F[2,2 2 }) = < 






\ z h 


> 1, 


T(z,2)+T(z,3) 


\ z h 


= 1, 


T(z,2) 


\ z h 


= 2~ x 


T(z,2)+T(z,4)+T(z,5) 


\ z h 


= 2- 2 


T(z,2)+T(z,4) 


\ z h 


= 2- 3 
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We can use the following formulas for r\ ([W2], p. 383) to finish the com- 
putation: r/(x2,2- 3 ) = ^(x-2,2" 3 ) = ^i, and 7]{ X -i,2~ 2 ) = -i (there 

is a typo in [W2] for this value). Note also that x_i(±l + P 2 ) = ±1 and 
rf(v,tt') = T](v, t)i/ _1 (t') when \t'\2 = 1. Our assertion follows the formulas 
(9.6) and (9.7). □ 

9.5. The Kohnen space. Kohnen introduced a subspace S k+1 , 2 (AN, \) 

in S' k+1 ^ 2 (4:N, x) in [K2], (we note the notation in [K2] is different from 

ours). It consists of g(z) = Y^=i c { n ) e2mnz with the Fourier coefficients 
c(n) satisfying: 

(9.8) c(n) = 0, when X( 2 )(-l)(-l) fc ^ = 2,3 mod 4. 

With our definition of if 2 , the Kohnen space has a natural interpretation 
in the representation language. Let A£ +1 , 2 (4N, x) be the space generated 

by vectors <f = ® v (p v in the space of cuspidal automorphic forms on 6X2 (A) 
satisfying (9.2.1)-(9.2.4) and with if 2 being the vector defined in (9.4). 

Corollary 9.4. The bijection g(z) 1— > t(g) = (p restricts to a bijection be- 
tween the Kohnen space S k+l j 2 {AN ,x) and A k+1 ^ 2 (AN, %). 

Proof. Assume <f = t(g) with g(z) = Y^Li c(n)e 27rinz . From (9.2), c(n) = 
if and only if W*(e) = 0. 

Let ip be a vector as above with if 2 satisfying (9.4). Let n be a pos- 
itive integer such that X(2)( — 1)( — l) fcn = 2,3 mod 4. Since (— l) fc = 
X(2)( — 1)( — l) fe , at w = 2, L 2 ((f2) = 0. From the uniqueness of the local 
Whittaker functionals, W?(e) vanishes when L™((f v ) vanish for any place v. 
We get W~;(e) = for such n. Thus g(z) = t _1 (<^) lies in the Kohnen space, 
and A+ +1/2 (4N, X ) C t(S+ +1/2 (4JV, X )). 

In Proposition 1 of [K2], Kohnen defined an operator Q on 5 , ^ +1 ^ 2 (4A^, %). 
The operator has two different eigenvalues on this space and S k+1 ^ 2 (4N, x) 
is the eigenspace of one eigenvalue (denoted a). The operator Q induces 
an operator Q' on the spaces V% n ^4' fe+1 , 2 (4iV, We have a factorization 

V^r n A' k+1 , 2 (4N, x) = <8)V^ v with V~ 2 & two dimensional space. Then Q' = 
<8>Q^. In fact Q' v are all trivial actions for » / 2. Clearly f>2 in (9.4) is 
the eigenvector of Q 2 with eigenvalue a as the vector </? = ®<p v with local 
component if 2 lies in A+ +] y 2 (47V, Let A~ +] y 2 (47V, x) be the subspace of 

A' k+1 ^ 2 (AN,x) generated by if' = ®<f' v where <f>' 2 is the eigenvector for the 
other eigenvalue. Then A' k+1/2 (4N, X ) = I+ +1/2 (4iV, x ) ir/ +1/2 (4JV, X ). 
As ^fc+i/ 2 ( 4iV ' X) n t(5+ +1/2 (47V, x )) = 0, we get the corollary. □ 

9.6. Local computation at the place 2. We compute the local factor as 
in § 8. The vector ip% is the unramified vector chosen as in subsection 8.1. 
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Proposition 9.5. Assume /i 2 (x) = \x\ 2 r , with reR. Then 
e(^,V) = 3/2|l-^ 1 - 2 -|- 2 , 

(~ ,\D\\ - J 3/4|l + 2- 1 /2--|-2 D£ l + P 2, 

em,V> ) ~ | 3/4|l-2- 1 - 2 -|- 2 |Z)|2 1 £ G (2 + P 2 ) U (-1 + P 2 ). 
Therefore, when D £ 1 + P 2 , 

e(p 2 ,V0 / 2|P>| 2 L(vr 2 ,l/2) Del+P 2 , 
e(^ 2 ,Vl D l) I 2|D| 2 £ G (2 + P 2 )U(-l + P 2 ). 

Proof. The formula for e(<f2,ip) is given in Proposition 8.1. One can use 
(8.5) to compute ||</3 2 || when /x 2 (x) = |x| ir where r£i Since F[2, 1] and 
F[2, 2 2 ] are perpendicular, we get 

||^ 2 || 2 = 1/8||F[2,1]|| 2 + ||F[2,2 2 ]|| 2 

Use the Iwasawa decomposition it is easy to show 

||V3 2 || 2 = (1/4 + 1/8)|D|J 1 = 3/8|Z)|2 x . 

From Lemma 9.3, we get the claim for e(</3 2 , ip\ D \). From the formula on 
local L— factor in [Go], we get the last statement of the Proposition. □ 

10. A GENERALIZATION OF THE KOHNEN-ZAGIER FORMULA 

10.1. Statement of the Theorem. Let f(z) be a cusp form as in (1.1) 
with square free level iV (odd) and weight 2k. Let Sn be the set of primes 
p\N. Let S be a (possibly empty) subset of So. Define D$ to be the set 
of fundamental discriminants D such that (^) = — w p if and only if p € S. 
Then the set of fundamental discriminants is the disjoint union L>scS N Ds- 
For D a fundamental discriminant, let T(D) be the set of p\N that also 
divides D. Let sgn(D) = D/\D\. The character ip is defined as in § 9. 

Theorem 10.1. Let S C Sn and s be the size of S. Let N' = Y\ P £sP> ^ 
X = rip| 2 ArX(p) be any Dirichlet character of ("L/ANN')* such that \{p) = 1 
when pN'\N , X( P )(~ 1) = — 1 when p\N' and %(— 1) = 1. There exists a 
unique (up to scalar multiple) cusp form gs(z) in S' k+1 ^ 2 (4NN' , x), such 
that the following is true: 

(1) gs(z) is a Shimura lift of f{z). 

(2) gs(z) lies in the Kohnen space, i.e. if gs(z) = J2^=i c{n)e 2mnz , then 
c(n) = when (-l) s+k n = 2, 3 mod 4. 

(3) c(D) = if D > is a fundamental discriminant with (—l) s+k D 
D S . 

Moreover for this gs{z) and for D G D$, if {— l) s+k ^ sgn(D), then 
L(f,D,k) = 0; if{-l) s+k = sgn(D), then 

no 1) KI-PDI 2 = Hf,D,k) k _ m (k-iy. 2 „ (N) _ t n P 

<9S,9S> </,/>' vr fe pes P+1 ' 

Here t is the size of T(D) . 
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From subsection 9.1, the new form f(z) determines an irreducible cuspidal 
representation ir of GL2(Aq) with trivial central character. Here we say 
g(z) is a Shimura lift of f(z) if (p = t(g) lies in a space where tc satisfies 
7r = S^{tt) or 7r = S^-i(tt) (see Theorem 3.2 for the notion S^). 

The proof of the Theorem involves translating Theorem 4.3 into the lan- 
guage of cusp forms. We will set up the translation in subsections (10.2)- 
(10.5). 



10.2. A Lemma on Atkin-Lehner involution. Let w r . 



p a 



up ~ \ N pb 

with a,b G Z and detw p = p. Let f(z) = f\ p -i/2^, p (z) be the Atkin-Lehner 

involution. Let (p = s(f). For lack of reference, we give a proof of the 
following well known result. 

Lemma 10.2. With the above definition, then ir p = cr(/x,)U _1 ) with fi(x) = 
|z| 1 / 2 Xr(^), t «■ unit in Z p . We have f = w p f, with w p = 1 when r is not 
a square, and w p = —1 when r is a square. Moreover e(7r p , 1/2) = w p 

Proof. The first claim is in [G]. Since <p(goo) = <p(w P goo), from left GL/2{Q)Z(Aq) 
invar iance, 

0(9oo) = ^(foo n W~l) = 7T( Yl W p l)tp( goo ) 

As ip = ®<p v , we get (p = tpoo <8>„^oo TT v (w~l)ip v . When v does not divide N, 
w~l G GL2^L V \ thus fixes ip v . When v\N but v / p, w~l G Kq >v , thus fixes 
<p v . When v = p, w PtP (wp)~ l G K 0tP , thus TT p (w~p)(p p = TT p (wp)^ l ip p . As 
wpKo tP (wp)~~ l G Kq jP , the vector ir p (wp)~ 1 (p p is again fixed by Kq jP , thus is 
a scalar multiple of >p p . Denote this multiple by w p . Then (p = w p (p, thus 
/ = w p f. To find the multiple, we only need to evaluate -K p {wp)~ l <p p {e) 
which clearly equals PXt(p)- Since p> p (e) = —p, we get w p = —Xt(p) which 
gives the claim in the Lemma. The computation of e(-7r p ,l/2) is given in 
[Go]. ' □ 

10.3. Definition of e(S). Let / and ir be as before. Since ir v is unramified 
for all places v where v ^ oo and \N\ V = 1, we can let £ in Theorem 3.2 to 
be the set {oo} U Sn- Let S be a set as in the Theorem. Then it determines 
an e(S) G {±1}I S I, where the component e(S) p at p G S is — w p , at p\N and 
p g" S is w p , and at oo is (— l) s+k . 

Lemma 10.3. We have e(vr, 1/2) = f^es e(<S%- 

Proof. The product on the right is (— l) k Y[ p \n w p- Since w p = e(7r p , 1/2) by 
Lemma 10.2 and (— l) k = e(7Too, 1/2) from [Go], we get the claim. □ 

From Theorem 3.2, associated to tt and the character ips(x) = ip({—\) k+s x) 
is the Shimura lift tt^ s \ Here 7r e(5) = @(tt®xd, V's ) for some L> G Q e(5) (vr). 
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10.4. Relation between D$ and Q e ^(7r). Given D a fundamental dis- 
criminant, let e v (D) = {^-) for v G S. 

Lemma 10.4. Mien w = oo, is a discrete series, e^D) = sgn(D). 

When p\N , ir p is a special representation a Tv as in subsection 8.3, where 
t v is a unit in Z p . Then e p (D) = w p if p\D; e p (D) = (^) when D is a unit 
in 7L p . 

Proof. At v = oo, 7TOO = TTooXD, thus 600(D) = xd(-1) = sgn(D). When 
p\N, as @(7T p ,ip) is either a special representation (when r„ is not a square) 
or an odd Weil representation (when t v is a square). Note that w p = 1 
if and only if r is not a square (see Lemma 10.2). In the case t v is not 
a square, @(ir p ,t/j) has a nontrivial t/j D — Whittaker model when D is not a 
nonsquare unit. In the case t v is a square, then only when D is a square 
does Q(ir p ,ijj) has a nontrivial ip D — Whittaker model. From Theorem 3.1, 
we get the result. □ 

Lemma 10.5. When D G D s , e p (D) = e(S) p for all p\N . 

Proof. Whenp G S, then is a unit in Z p , and e p (D) = (^) = — w p = €(5)^. 
When p G <Sjv ~~ ^ then either p\D in which case e p (D) = w p = e(S) p or D 
is a unit in Z p , in which case e p (D) = (^) = w p = e(S) p . □ 

As the set Q £ ( 5 )(7r) consists of D with e„(Z>) = e(S% for u G S, from the 
above lemma and the formula for €oo(D), we get 

Corollary 10.6. A fundamental discriminant D lies in Q e ( s \Tr) if and only 
ifD£D s and (-l) s+k = sgn(D). 

10.5. Description of g$. The cusp forms gs in the Theorem is taken to 
be the inverse image i _1 (<£s) of some vector tps in the space of Ti e ^ s \ We 
describe the choice of (ps = <8>¥V 

Using the explicit description of theta correspondence in [W3], we get the 

following description on the local components of tt 6 ^ = ^>Tt^ S \ Note that 

jr e v {S) = G(ir v XD,i>s) for some D G Q e{S) (ir). 

Recall that the description of ir = ®ir v is given in (9.1.1)— (9.1.3), along 
with a choice of the vector ip = ®ip v such that p = s(f). Below is the 

description of ir v , and the choice of the vectors (p v . 

(10.5.1) When v — oo, tt v is the discrete series (t(/^oo5 HcJ), with Hoo(x) = 
|x|^ _1 ^ 2 (sgn x) k . When e^D) = e(S') 00 , we get sgn(D) = (-l) s+h thus 

= ^|D|_ Thug ~<S) = @ ^ ^ XD ^\ D \). As TToo ® X \D\ =^oo®Xd and 

\D\ and 1 are in the same square class, we get fr^,^ = Q{^oo,^) = (Too(Moo)) 
([W3]). We take </3qo to be the vector with minimal weight. 

(10.5.2) At p G" X, tt p = vr(/x p , n p l ) with \x p an unramified character. From 
a well known result of Deligne, the unramified characters fi p has the form 
H p (x) = \s\ ir with r G R, (this is the Ramanujuan conjecture for the integral 
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weight forms). Then tt p ^ = 6(^,^5) = ^{^pX s ^v ■> VO- We take (p p to be 
the unramified vector in this unramified representation when p 7^ 2. We let 
(^2 be the vector defined by (9.4) with k' = k + s. 

(10.5.3) At p G Sn — S, tt p = o T with r G Z* Let D be a unit in Z p 

such that rl) is not a square, then e p (D) = w p = e(S) p . Thus n p = 
@(<j tD ,4>s) = a s (ijg); here 5 is any nonsquare unit. We take (p p to be the 
vector in Lemma 8.3. 

(10.5.4) When p G S, again 7r p = a T with r G Z*. Let D be a unit in 

Z p such that T-D is a square, then e p (D) = —w p = e(S) p . Thus n p ^ = 
eia 1 ,^) which is t, d from subsection 8.3. Let X(p) be the character on 

Z* defined in the Theorem, we let (p p = <& X ( V ) w here * s defined in 

Lemma 8.5. 

Each of the choices of <fi p is determined unique up to a scalar multiple. 
Let (p = ®tp v . We define the cusp form gs(z) to be i _1 (y)). 

10.6. Proof of the Theorem. 

Proof. As S^g^Tr 6 ^) = 7r, we see gs(z) is a Shimura lift of /. We can 
check <p = ®<p v € A l k+1/2 {ANN', X )- Thus g s (z) G S' k+1/2 (WN', X ). It lies 
in the Kohnen space because of our choice of (f>2- If D is a fundamental 
discriminant with ±D G" D$, then ±D G" Q e ( s \-ir). By Theorem 4.2, we get 
d- e( s)(£U{2}, V| D ) = 0. As is one of ^ D , we get c(|D|) = from the 
consideration in § 9. 

Next we show the uniqueness. If g(z) / is a Shimura lift of / such 
that t(g) lies in the space of tt, we show tt = Tr e ( s \ As tToo is a holomorphic 
discrete series, by Theorem 3.2 tt = 0(ir ® X-Di> V''' Dl ') f° r some Di. As 
g(z) 7^ 0, c((— l) s+fc D2) 7^ for some D2 G -Dg. The condition implies that 
D 2 G Q e ^(7r) and 7r„ has nontrivial Y^l-Whittaker model at all places v. 
From Theorem 3.1, we see n = Q(n ® XaD 2 i^ D '^)i where a = 7^§j = ±1. 
Examine the component 7r 2 . As X(2)( — 1) = ( — l) s under our assumptions, 
we get 7T2 = ©(7i" ( X>X-"i fc ) VO) thus we see 7r = Q(tt®xd 2 i V'' D2 ') = Tr^ 5 -*- From 
Corollary 9.4 and the fact that A^ +1 ^ 2 (4N, X ) H V^ e (s) is one dimensional, 
we get the uniqueness of gs(z)- 

We now prove the identity (10.1). Let D G D s . If (-l) s+k / sgn(D), 
then from equation (3.1), Lemma 10.3 and 10.5, we get: 

e(vr ® XD , 1/2) = e(7r, 1/2) ]J e v (D) = -e(vr, 1/2) ]J e(S) v = -1. 

Thus L(vr XD , 1/2) = 0, i.e. L(f, D, k) = 0. 

When {-l) s+k = sgn(D), then D G Q e ^(7r), thus we can apply Theo- 
rem 4.3 to get: 
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From Lemma 2.3, d vr (SU{2}, i/j s ) = d 7r (SU{2}, if>). Observe also = 
From the explicit description of d-e(s) (S U {2}, V'' D ') and ^(S U {2}, ip), we 
get: 

■ „l|2 



(10.3) 



|d- e(s) (SU{2}, V 



lwl D b ' 



e(^,^l) 



n 



Recall the results on the local factors from Propositions 8.8, 8.4, 8.7 and 
9.5: 
(10.4) 

e(ip p ,ijj) 



e(<^ |D| ) 



f ieMi-l-DDl^lVs+^-fe^-i) 

2L(tt p ® X dA/2)\D\ p 
L(tt p ® X d,1/2)\D\ p 

2(1 + ^ 1 )- 1 L(vt^xd,1/2) 
2| j D| 2 L(tt 2 ,1/2) 

2|£>| 2 



p = 00, 

p€S N -S,pj[N, 
P eS N -S,p\N, 
P^S, 

p = 2,D el + P 2 , 

p = 2,% € (2 + P 2 )U(-l + P 2 ). 



From subsection 9.1, W^(e) = e~ 27r , and from (9.2), wi D| (e) = e- 27r l D lc(|£>|). 
Thus we get 
(10.5) 

L°° u W(7r®XD,l/2)/ 2 = (l/2)-C JV )- t |Z)|- fe + 1 /2 



(fc-1)! 



pes 



Here we set l 2 to be L(7r 2 , 1/2) when D = 1 mod 4 and to be 1 when D = 
mod 4. 

Remark 10.7. We now notice some differences between L(tt <8> xd,s) and 
L(f,D,s'). First L(f,D,s') does not have factor at 00. Secondly, because 
Xd(2) over v = 2 is not the same as (y), we need to correct the factor at 
the place v = 2. We have actually 

L(f,D,k) = L ooU \n®XD,l/2)l2. 

From the above remark, Lemma 9.1 and (10.5), we get: 



(10.6) L(f,D,k) = (l/2)^)-*|L>r fe+1 / 2 
Therefore we get (10.1). 



7T 



|c(|Z>|)| 2 </,/> 



(fc-l)! <gs,gs> 



□ 



10.7. Some examples. Example 1: When S is empty, gs(z) is the g(z) in 
(1.1). If T(D) is also empty, we recover (1.1). If T(D) is nonempty, (1.1) 
should be revised to: 



lDl k-i/2 (k-l)l 2 „ (N) - t L(f,D,k) 
<9,9> 7r fe </,/>' 



Example 2: Look at the case when f(z) is the new form of weight 2 and 
level 11. Such a form exists and is unique, with wn = — 1. The theorem says 
there is a cusp form g^uy(z) in Sy 2 (484, %), where x satisfies the condition 
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in the Theorem, (for example x{x) = (— l)^ _1 ^ 2 (n)), such that c(n) = 
whenever n = 2, 3 mod 4, and when the fundamental discriminant D > is 

SUch that (yy) = 1, 

\c(D)\ 2 = 1/2 11 L(f,D,k) 
< 9{u},9{u} > 6?r < /, / > ' 
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